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ABSTRACT
Ongoing research efforts in industry and academia have a focus on optimal build
parameters that lead to suitable mechanical properties with minimum defects in parts
manufactured by powder bed fusion additive manufacturing technologies, such as Electron Beam
Melting (EBM) and Selective Laser Melting (SLM). Additional and significant resources,
including energy, time, and money are spent as a result of obligatory post-manufacturing heat
and/or mechanical treatment to ensure optimum mechanical properties. One intrinsic fault in
these technologies, which contributes to the need for treatment processes after part fabrication, is
the creation of residual stresses during these processes. Residual stresses remain in these AM
parts after the build process is completed due to plastic deformation resulting from extreme
thermal gradients driving thermal expansion and the cool-down phase. Build parameters, such as
power and scanning speed, to optimize mechanical properties and lessen these undesirable flaws,
are for the most part investigated with a trial-and-error approach. Numerical models, however,
offer the less expensive alternative of investigating in depth the nature of residual stresses and
thus testing build configurations that may predict and reduce the magnitude of these residual
stresses. In this work, the underlying theory for a coupled thermal-displacement finite element
model is introduced independently with simple FEA validation problems to build up to a more
complex model. Abaqus User Subroutines for the mechanical, thermal, and expansion behavior
are developed and tested. These subroutines allows for further definition of a state variable that
can be passed along in the solution steps to consider the different phases the material systems go
through in these processes. With a prototype model, the coupled-thermal displacement behavior
was modelled with success, as the remaining residual stress terms and plastic strain overall agree
in principle with published experimental results.
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CHAPTER 1: INTRODUCTION AND MOTIVATION
1.1 THESIS OUTLINE
The organization in this thesis is intended to firstly present the relevance and previous
works available in literature in Chapter 1, followed by a more extensive introduction to residual
stresses in parts created by EBM and SLM in Chapter 2, as they are the main focus of this work.
Chapter 2 also discusses the applicable solid mechanics and heat transfer theories that apply (in
coupled fashion) to the posed laser/beam melting manufacturing method that leads to residual
stresses and demonstrates some simple-case situations where obtaining the analytical, exact
solution is possible and the solution is verified with their respective FEA models.
Later, Chapter 3 introduces the Abaqus user subroutines written and used to model the
mechanical, thermal conduction, and thermal expansion behavior of the material along with their
respective validations compared to already defined behaviors in FEA package: elastic response,
constant thermophysical properties with heat conduction governed by Fourier’s law, and
isotropic, linear thermal expansion. These subroutines are the pathway to ultimately modeling a
phase change that more fittingly models the physics of residual stresses in parts made by EBM
and SLM.
In Chapter 3, the detailed description of the procedure to build a finite element model that
can serve as prototype for testing the user subroutines, calibrated by real life parameters, such as
the beam/laser power and heating time is presented as well. This chapter also presents the
geometry, mesh, boundary conditions, heating and cooling steps used, and the models applied
such as the coupled thermal-displacement partial differential equation solver in transient state
and a plasticity model with isotropic hardening. This chapter also contains the details of the
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approaches utilized to validate the FEA model results, including conservation of energy
computations and a Green’s function method-based solution to a circular heat source.
Finally, Chapter 4 concludes with the results obtained along with the pertaining
discussion, analysis, some conclusions extracted from this work as well as potential future work.
1.2 LITERATURE REVIEW
Additive manufacturing (AM) is defined by ASTM International as the “process of
joining materials to make objects from 3D model data, usually layer upon layer, as opposed to
subtractive manufacturing methodologies”. Synonyms for this technology also include: additive
fabrication, additive processes, additive techniques, additive layer manufacturing, layer
manufacturing, and freeform fabrication. The rapidly-evolving manufacturing industry continues
to develop and become more reliant on AM technologies due to its advantages over more
traditional manufacturing practices, including subtractive, formative, and joining. Additive
manufacturing includes the following technologies: material extrusion, powder bed fusion,
binder jetting, material jetting, sheet lamination, vat photopolymerization, and directed energy
deposition [1]. Each AM technology has its own characteristics, part quality capacity, advantages
and limitations. And, manufacturing industries still need to do a suitable assessment to determine
if changing to an AM system is the most rational route to take to improve their processes and
replace the established ones. The three main parameters to consider are the production volume,
complexity, and customization [2].
At the present moment the use of these AM processes can be summarized as being used
almost exclusively for low volume, high quality/complexity products. Furthermore, as of 2014,
less than one percent of products manufactured in the United States were created using AM
techniques as costs generally exceed those of traditional manufacturing. However, an average
2

price decrease of 51% was observed from the year 2001 to 2011 for these systems, confirming
the potential of the AM technologies to evolve into more cost-efficient manufacturing methods
while offering its unique advantages [3]. A clear, inherent advantage over traditional
manufacturing techniques is that this layer-by-layer manufacturing reduces the waste material
that would otherwise need to be “subtracted” by conventional machining methods. The capacity
of these AM technologies to manufacture complex and multi-functional parts while developing
into a more cost, material, and energy efficient alternative compared to its conventional
counterparts has made it an area of great interest and investment for researchers in the science
and engineering fields [4].
1.2.1 Metallic Additive Manufacturing Technology
In previous years AM was used in research and industry almost in its entirety for
prototypes as the technology was used almost exclusively with polymers, which do not possess
the necessary mechanical properties to perform in roles filled by metallic parts produced by
traditional manufacturing methods. As recently as this decade, however, this changed with the
development of the AM metal techniques shaped metal deposition and metallic powder bed
fusion (PBF) [5]. A difference can be appreciated between the terms Rapid Prototyping (RP) and
Rapid Manufacturing (RM). RM refers to the technologies mentioned in this work as they
encompass the group of AM processes that can manufacture highly-functional parts with adept
mechanical properties.
Shaped metal deposition is similar to multi-pass welding and utilizes a wire as primary
material [6]. Metallic powder bed fusion includes selective laser sintering (SLS), selective laser
melting (SLM) sometimes also referred to as laser beam melting (LBM), and electron beam
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melting (EBM). The focus of this investigation is in the final two technologies and as such they
will be explored in their own section while the rest will be briefly described next.
As a rapidly-evolving and relatively young technology, additive manufacturing can easily
be mixed up with its different categories, subcategories, and material systems utilized. An
outstanding paper that discusses this in details and summarizes findings discovered for each
technology type can be found in [7]. This reference also establishes that much work is to be done
before fully understanding and thus optimizing the AM process for both prototypes and
functional AM parts. A general overview of the different, major categories of AM technologies
is shown next in Figure 1.

1. Material Extrusion

2. Binder Jetting
3. Powder Bed Fusion
Selective Laser Sintering (SLS), Selective Laser
Melting (SLM), and Electron Beam Melting (EBM)
4. Material Jetting

5. Sheet Lamination

6. Vat Photopolymerization

7. Directed Energy Deposition

FIGURE 1. ADDITIVE MANUFACTURING MAJOR CATEGORIES ACCORDING TO ASTM
INTERNATIONAL.
4

As highlighted in Figure 1, the EBM and SLM technologies discussed throughout this
work and which parameters are used to calibrate the model fall in the powder bed fusion AM
category. SLS is considered slightly more distinct due to its fusion mechanism and will be
discussed next. SLS is sometimes further subdivided into solid state sintering (SSS), chemically
induced binding, and liquid phase sintering–partial melting (LPS). SSS refers to the technology
were the binding thermal process is carried out in the range of temperature encompassing half of
the value of the melting point up to the melting point of the material, i.e., the range between
𝑇𝑀𝐸𝐿𝑇⁄
2 and 𝑇𝑀𝐸𝐿𝑇 . The SSS process only requires the sufficient kinetic energy for diffusion to
occur so that a gradient in vacancy concentration is present, which drives the transport of
vacancies across the boundaries from high to low concentration areas. SLS by chemically
induced binding differs from SSS in that it does not depend on the diffusion process but rather
reaching very high temperatures in which a compound such as SiC (Silicon Carbide)
disintegrates partially to form a binder and afterwards a different mixture. LPS, on the other
hand, usually refers to the sintering case in which one of the materials (structural) remains solid
while the binding material is fully melted. This made possible by the difference between the
melting points of the materials [8].
1.2.2 Electron Beam Melting (EBM) and Selective Laser Melting (SLM)
EBM and SLM are the two main AM technologies of interest and motivation for this
thesis. Both are relatively new, bed-powder fusion techniques that share several similarities and
are used for the fabrication of metallic parts. The commercial systems for EBM and SLM have
been available approximately since 2005 by its developers. Arcam AB, based in Sweden, is
responsible for the commercialization of EBM equipment, while EOS GmbH, based in Germany,
5

is credited with doing the same but for SLM machines [9]. The Keck Center at The University of
Texas at El Paso currently has two ARCAM EBM printers and two SLM machines from SLM
Solutions, where different material systems and parameters are investigated to optimize the final
part created, something that will be discussed more in detail in the following paragraphs
[10].
These AM building processes involve the submission and subsequently the reading of a
CAD (Computer-aided Design) model that is split computationally into layers of a definite
thickness or height to assign to the powder on the build base. The machine then proceeds to
apply a laser or electron beam to melt a layer of powder to the desired thickness according to the
CAD geometry slices and it is melt and then solidified to begin forming the part. The build
platform is lowered for the laser or electron beam to repeat this final step and therefore build the
inputted CAD geometry part layer by layer [11].
Both EBM and SLM for fabrication of metal parts offer distinct and substantial
advantages over traditional techniques as previously discussed. Specifically, the ability to create
parts with complex geometries of 100% density and therefore equivalent mechanical properties
to parts created by traditional methods, with hypothetically no material waste and the elimination
of machining tool expenses wisely makes EBM and SLM the center of attention for present and
future investigation. Biomedical applications development are of great interest when using these
technologies, as they have been shown to have the capability to yield mechanically suitable,
highly specialized implants [12]. Another industry with great interest in manufacturing parts
using these technologies is the aerospace industry [5]. However, these technologies are not
completely fault-free, as the extreme thermally concentrated gradients occurring during the
heating and cooling processes can result in residual stresses, or stresses that remain in a part after
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it has come to equilibrium with its environment, as well as undesired porosity that compromises
mechanical performance. These residual stresses are the main focus of the finite element model
presented in this work and are discussed more thoroughly in Chapter 2.
While the work presented focuses on EBM and SLM technologies due to the similarity
between them in that they fully melt the powder prior to solidification, unlike SLS, they have
several important differences. For EBM, the electron beam applied diffuses many times quicker
into the material causing the heat transfer by converting kinetic into thermal energy, while SLM
utilizes a fiber laser heat source to add thermal energy into the material. This is an inherent
advantage for EBM, as it allows for much speedier scanning rates. Another dissimilarity is that
EBM is performed in a vacuum chamber, with temperatures in the range of 700 °C to decrease
steep heating and cooling thermal gradients. SLM, on the other hand, is carried out in a chamber
filled with an inert gas (to prevent oxidation) and the chamber temperature typically does not
reach the temperature levels possible by EBM. These acute contrast of temperatures between the
molten part and chamber in SLM machines during the heat exchange processes leads to steep
cooling rates that cause more prominent residual stresses, porosity and therefore regularly
requires heat treatment [13].
1.2.3 Experimental Studies
It has been established by previous experimental works in literature that the
manufacturing of parts by EBM and SLM leads to undesired porosity in the parts, significantly
reducing its fatigue limits. It has been found that the porosity of parts are strongly correlated to
the energy input and scanning parameter, and that generally parts built by SLM have more
porosity than by EBM under the same circumstances. The most effective post-treating process is
hot isostatic pressing (HIP) and has been shown to increase the fatigue resistance of parts made
7

of the widely used Titanium alloy Ti–6Al–4V by eliminating pores and thus significantly
reducing the porosity level [14].
Another study dealing uniquely with SLM built parts using once more Ti-6AL-4V as the
build powder, experimentally studied the resulting microstructure and its correlation to the
mechanical properties of the part, as well as the optimum post-manufacturing heat treatment to
radically improve mechanical properties superior to those of the same Ti-6AL-4V alloy made by
forging and casting. This study concluded that the mechanical properties resulting from the heat
treatment are strongly correlated to the maximum heat temperature. These researchers also found
that in order to optimize the ductile mechanical tensile properties (yield stress and ultimate
tensile strength reaching 1 GPa) of parts made by SLM of this alloy they should be heat treated
at a high or intermediate temperature below 995 °C and posteriorly cooled in a furnace [15]. A
similar study reached the same conclusions, that post-manufacturing heat treatment of Ti-6AL4V SLM parts is required to achieve suitable ductility in the parts due to the resulting
microstructure [16].
For EBM, a recent study (2016) similarly focused on the resulting microstructure of Ti6AL-4V parts and the effectiveness of post-manufacturing heat treatment. It established that the
process yields parts with less than optimal anisotropic mechanical properties, i.e., properties
varying with respect to directionality in the part, and also identified porosities created by
suboptimal processing parameters as particularly unfavorable to the part’s ductility. Furthermore,
the researchers concluded that for the EBM manufactured parts, unlike SLM built parts, the heat
treatment processes used did not cause a significant change in the mechanical properties [17].
While this holds true only for the heat treatment parameters used in that particular EBM-based
study, this finding is significant because it contrasts with other studies that concluded that the
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mechanical properties parts built by SLM did undergo a significant improvement using heat
treatment processes.
Several studies in literature have been done with a focus on understanding the effect of
different intra-build variations on the microstructure of metallic technologies built by EBM to
guarantee repeatability in properties and therefore performance. One such study investigated the
effect of distance from build plate and particles size when utilizing the popular material Titanium
alloy powder Ti-6Al-4V, in which no significant correlation was found to the mechanical
properties of the EBM built parts [18]. A second part of this study using the same material
system Ti-6Al-4V investigated the effect of energy input magnitude and concluded that
increasing the energy input magnitude as much as physically possible while maintaining a fully
dense part resulted in a decrease, fairly small but a decrease nonetheless, of the yield strength,
microhardness and ultimate tensile strength of the EBM manufactured parts [19].
With SLM, experimental studies have also been performed with an interest in the specific
microstructure that results from the unique high heat, short term interaction between the melting
laser and powder material. One study performed on the Ti-6Al-4V alloy determined that SLM in
fact does in fact yield a unique microstructure that is partly determined by the heat transfer
interaction, which in itself is a function the geometry of the part built and the scanning method
used [20].
1.2.4 Analytical Studies
From an analytical standpoint, various works have been performed in an attempt to
properly characterize the heat transfer occurrence during high-heat laser applications, such as
those in EBM and SLM. These are referred to generally as stationary and moving plane heat
source problems, and are of great interest due to the established correlation of the heat
9

distribution in parts created by technologies such as EBM and SLM to the microstructure,
chemical composition, and residual stresses. Carslaw and Jaeger are credited with pioneering the
approach to solving the partial differential equation (PDE) where one of the boundary conditions
involves a continuous heat source [21]. This approach was deemed the heat source method, and
the basis is the solution to the classic instantaneous point source.
Developing from this classical heat source method, the general solutions for the
temperature change at any point away from the heat source have been developed considering
different heat source geometries and different heat intensity distributions for both stationary and
point heat sources [22]. These solutions are extremely applicable as they apply to both steadystate and transient-state conditions, and can be applied to not only calculate temperature on the
surface but at different depths as well.
A more recent study was also performed with a more particular focus on investigating the
heat distribution on and below the surface of variously-shaped heat source geometries, such as
square, rectangular, circle, and rhombic moving heat sources [23]. Some findings from the study
include: 1) the heat source velocity plays a significant role in the temperature field, 2) the heat
source velocity and maximum temperature reached are inversely proportional, and 3) overall the
heat source geometry has merely a weak effect on the temperature distribution in the body.
Multiple other insightful analytical investigations involving the heat conduction solution of
stationary and moving heat sources for various heat source shapes and thermal boundary
conditions have been completed that are not discussed in this work [24-[26].
1.2.5 Numerical Models
Various numerical studies relying on the effectiveness of the Finite Element Method
(FEM) have been published since the turn of the century focusing on the prediction of residual
10

stresses resulting from parts fabricated with laser/beam melting technologies. One such study
developed an FEM model performing the heat conduction and mechanical stress analysis
computations in alternative, uncoupled fashion with a two-dimensional assumption of a thin
plate [27]. The major conclusion extracted from this study’s results was the authors’
recommendation that in order to reduce resulting stresses the scanning area should be segmented
into smaller areas and these segments should be melted with shorter “laser paths” or tracks.
Another research study using FEM packages used a novel technique of element birth and
death in order to characterize the effect of the sequential accumulation of multiple layers on the
part in laser melting (LM) processes [28]. This particular study focused on the thermal fields
created from the LM process and considered temperature-dependent thermophysical properties
as well as phase changes during the process from powder to liquid and finally solid. The heat
conduction-driven temperature results obtained were favorably compared to available
experimental results in literature.
A very recent study (2017) also developed an FEA model to investigate the thermal fields
created by EBM processes [29]. This study used a three-dimensional finite element model,
approximated the beam as having uniform distribution, and defined the thermophysical
properties (thermal conductivity and specific heat) as function of the material state, i.e., powder,
molten state, or solid bulk material, and temperature. The study also considered the melting and
cooling phases as well as radiation losses and compared their final model’s result favorably to
experimental results in literature. This study utilized several Abaqus subroutines in order to
simulate the moving heat flux and to assign the thermal properties deemed appropriate for each
material state during the simulation.
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1.3 MOTIVATION
The aforementioned experimental, analytical, and numerical studies are just a few
examples of some recent efforts in research and academia to properly characterize and improve
by heat treatment the mechanical properties of additively manufactured metallic parts by powder
bed fusion technologies, establishing the work presented in this thesis as contemporary and
relevant. The notable focus of these multiple studies on investigating specifically the mechanical
properties of Ti-6AL-4V parts manufactured by EBM and SLM ultimately led to the selection of
applying its material properties to the principal prototype FEA model.
As previously shown in studies, in the case of manufacturing by beam or laser melting,
an almost 100% density of a given part made of a Titanium alloy does not guarantee the
mechanical properties of the part will match those of the same material created by casting and
annealing. This creates the need and thus expense for post-treating EBM and SLM built parts to
close this gap in mechanical property quality.
The motivation for pursuing the construction of a computational model to predict with
substantial fidelity the development of residual stresses in parts manufactured by EBM and SLM
is the potential for reducing post-treating costs and improving the understanding of mechanical
properties of parts to optimize their performance by preventing earlier-than-predicted failure. As
the capabilities of AM continue to develop and manufacture functional parts, so should an
increase in understanding of the resulting mechanical properties.
A fundamental understanding of the residual stresses being created by these processes
along with the ability to accurately model and predict the mechanical properties of parts
fabricated by these technologies can signify a huge increase in efficiency and steer away from
trial-and-error approaches to optimize parameters to 3D print metallic parts by EBM and SLM.
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With a high-fidelity model one can experiment with different parameters without needing to
exclusively invest resources to obtain experimental data.
1.4 MODELING CHALLENGES
Prior to discussing the content in the following Chapters, it is of utmost important to
establish that there are currently no analytical nor numerical models capable of measuring
residual stresses in any given part after it has gone through a phase change, i.e., from solid to
liquid and vice versa in the case of powder bed fusion processes. Considering EBM and SLM, in
which the entire volume of micron-sized powder particles is fully melted, and posteriorly
solidified, it poses a unique challenge to properly simulate the strongly-coupled mechanical and
thermal physics simultaneously occurring. One can consider the heat dissipated within a solid
body and causing plastic thermal stresses and eventually residual stresses after the cool-off phase
without considering the phase change. While the results in such a model can be of interest and
relevant, it is a model with a notable deviance from the physics actually occurring.
The purpose of this thesis work was to 1) explore the applicable heat conduction and
thermal stress theories to the creation of residual stresses in parts created by EBM and SLM, 2)
write and test user subroutines available to the user by the FEA package Abaqus that was used
throughout the study, and 3) create a finite element model appropriate for computing residual
stresses with relevant parameters and boundary conditions for posterior implementation of a
mathematical model that accounts for the occurring phase changes.
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CHAPTER 2: RESIDUAL STRESSES IN PARTS BY SLM AND EBM
Efforts to improve the understanding in the scientific community with regards to residual
stresses resulting from additive manufacturing technologies such as SLM and EBM have been
devoted resulting in various analytical and numerical models. However, the need to continue the
improvement in the understanding of these stresses created by extreme thermal gradients during
these manufacturing processes is still a present issue [28].
Even though in some cases pre-stressing components, such as glass plates, results in a
more optimum mechanical performance (improve load-induced cracking resistance), generally
residual stresses are not desired as they can significantly compromise the shape and mechanical
properties of the manufactured part. Three different types of residual stresses are identified in
literature: Type I, II, and III residual stresses. The residual stresses referred to and investigated in
this thesis are Type I residual stresses or macro stresses, which are the ones that play the biggest
factor in affecting the overall strength of the material at a macro scale, as opposed to a micro or
atomic scale[30].
Residual stresses developed in components manufactured by EBM and SLM
technologies, as well as others such as SLS, can be categorized as being created by two
successive mechanisms: Temperature Gradient Mechanism (TGM) and Cool-Down Phase. The
TGM occurs when an area of the top layer is applied the source of heat, the extreme quantity of
heat applied over such a short of amount of time causes and uneven distribution of temperatures
at some layer at which the material does not see a temperature increase. The material being
heated expands (whether molten or not) but is constrained by the underlying of cooler material,
resulting in a compressive stress. At this point if the compressive stress exceeds the material’s
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stress at failure, or ultimate strength, plastic strain will be induced at the division between these
two layers. When cooling begins to occur, thermal contraction beings to occurs towards the
center of the heat source. The Cool-Down Phase residual stress mechanism occurs subsequent to
this, as the thermal contraction occurring during the cooling process is constrained by the plastic
deformation layer created below by the thermal, plastic compressive strain. This mechanism
reaches the final stage once the part has come to be at the same temperature as its surroundings,
leaving a compressive stress at the bottom layer beneath the plastic, compressive deformation,
and a tensile stress above it where thermal contraction was mechanically repressed by this same
layer [30]. These stresses created through these mechanisms and enduring the post-cooling stage
remain within the part after it comes into balance with its environment, in this case the ambient
temperature, therefore converting into residual stresses, i.e., stresses that remain in the part.
A very in-depth investigation of residual stresses developed in parts manufactured by
SLM and SLS found through X-ray diffraction methods that moving down into the plane, say zaxis if the base plate where the powder is being placed is the x-y plane, the residual stresses have
a tensile-compressive-tensile order. The authors of this study also found that typically the
residual stresses developed are great in the direction normal to the laser beam, as opposed to
along its direction. Finally, they reached a similar conclusion as mentioned by another study that
subdiving the areas to be melted into smaller subsections reduces the maximum magnitude of the
resulting residual stresses [30].
In experimental studies residual stresses have been found not to be strongly correlated to
the scanning speed, and the opposite is true for the base temperature, whose increase in
temperature results in a decrease of the magnitude of residual stresses developed. The most
prominent residual stresses are found at the upper layer gradually decreasing towards the lower-
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most layer, occurring in tensile form as discussed previously in magnitude equivalent to the
material’s yield strength. For a steel alloy with a Modulus of Elasticity of 50 GPa, residual
stresses can be in the 300-500 MPa range [31]. This findings confirm in fact that the residual
stresses are directly correlated to the yield strength of the material used.
As previously discussed, many of the current solutions proposed to eliminate or at least
significantly reduce the residual stresses present in parts manufactured by SLM or similar
procedures are post-manufacturing processes, such as a hot isostatic pressing. It is worth noting,
however, that preheating the part for certain additive manufacturing and surface remelting
processes (welding) has been shown to be effective at reducing the magnitude of resulting
residual stresses. In other words, lowering the difference in temperature between the
environment and the part during these processes conceivably reduces the magnitude of ensuing
residual stresses [32].
The sections presented next are an introduction to the key concepts and equations of both
the heat transfer and solid mechanics underlying theory related to the FEA model developed to
gain an understanding on the formation of residual stresses in parts manufactured by powder bed
fusion techniques. The solid mechanics theory is presented first and posteriorly the heat transfer
principles in their respective sections.
2.1 THEORY OF THERMAL STRESSES WITH SIMPLE CASE FEA MODEL
VALIDATION
From a solid mechanics perspective, the magnitude of residual stresses can be calculated
by an equation derived from the addition of thermal and mechanical strain that sums up to the
total measured strain. The importance of the strain occurring becoming plastic strain and
exceeding the material threshold strength to the point of plastic deformation is crucial since if the
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strain occurs only in the linear-elastic regime, once it returns to the ambient temperature and
cools down no stresses would remain unless restrained about some plane or set of points. A key
assumption for this case is that the temperature variation within any given body is not sufficient
to drive a considerable change in the elastic modulus of the material from one region to another
at different temperatures. The constitutive law defining the response of the mentioned linear,
isotropic, and thermoelastic material in terms of the strains as a function of the stresses can be
written using index notation as the following equation [33]:
𝜀𝑖𝑗 =

1+𝜈
𝜈
𝜏𝑖𝑗 − 𝜏𝑘𝑘 𝛿𝑖𝑗 + 𝛼𝐸 ∆𝑇𝛿𝑖𝑗
𝐸
𝐸

Eq. 1

Where 𝜀 is the strain, 𝜈 is the Poisson’s ratio defined as the negative ratio of lateral to
𝜀

longitudinal strain (- 𝜀 𝑙𝑎𝑡 ), 𝐸 is Young’s modulus of elasticity acting as the proportional
𝑙𝑜𝑛𝑔

constant between stress and strain, 𝜏 is the stress term with different indices (𝜏𝑖𝑗 ) and exclusively
the normal stress with same indices (𝜏𝑘𝑘 ), 𝛿𝑖𝑗 is the Kronecker Delta operator to eliminate unlike
index terms,
𝛼𝐸 is the coefficient of linear thermal expansion, and ∆𝑇 is the change in temperature subtracting
the final temperature minus the original temperature. The coefficient of isotropic thermal
expansion is usually denoted as α without the subscript T, however, since that is the same Greek
letter used for thermal diffusivity, the subscripts were included for added clarity. E for thermal
expansion and D for thermal diffusivity. It is also important to state the conditions of the
Kronecker Delta operator to fully understand the index notation thermoelasticity equation, which
are as follows [34]:
𝛿𝑖𝑗 = {

1,
0,

𝑖=𝑗
𝑖≠𝑗

17

Eq. 2

When the first stress term 𝜏𝑖𝑗 has different indices (𝑖 ≠ 𝑗) it results in the corresponding
shear stress, while the second and third terms go to zero due to the Kronecker Delta operator
adjacent to them. It is important to note that the shear Modulus, 𝐺 that relates the shear stress to
𝐸

engineering shear strain 𝛾𝑖𝑗 is replaced with the term [2(1+𝜐)] to leave Eq. 1 in index notation as a
function of only two material constants, 𝐸 and 𝜈. And since the resulting shear strain from the
equation obtained is 𝜀𝑖𝑗 , not the engineering shear strain, 𝛾𝑖𝑗 where 2𝜀𝑖𝑗 = 𝛾𝑖𝑗 due to work
compatibility the factor of 2 is dropped in the denominator congruently leaving only

1+𝜈
𝐸

in front

of the that first stress term. For example, invoking the shear strain conditions and unlike indices
where 𝑖 = 𝑥, 𝑗 = 𝑦 the resulting equation would be:
𝜀𝑥𝑦 =

1+𝜈
𝜏
𝐸 𝑥𝑦

Eq. 3

Thus confirming the equation’s ability to properly relate the shear stress and shear strain
response that is uncoupled with the rest of the terms in the principal equation. Now, to obtain the
engineering shear strain one can simply recall the relationship mentioned above and multiply
both sides of the equation times 2 to obtain the following:
2𝜀𝑥𝑦 =

2(1 + 𝜈)
𝜏𝑥𝑦 = 𝛾𝑥𝑦
𝐸

Eq. 4

And noting that the term multiplying the shear stress term is in fact the inverse of the
Shear Modulus, or 1/𝐺 the equation can be rewritten as its more well-known form:
2𝜀𝑥𝑦 = 𝛾𝑥𝑦 =

1
𝜏
𝐺 𝑥𝑦

Eq. 5

When normal stresses are considered, so that the first stress term 𝜏𝑖𝑗 has equal indices
(𝑖 = 𝑗) all three terms in Eq. 1 have a non-zero value unlike the shear stress case. For example,
with the following case where the indices 𝑖 = 𝑥, 𝑗 = 𝑥 the resulting form of Eq. 1 is:
18

𝜀𝑖𝑖 =

1+𝜈
𝜈
𝜏𝑖𝑖 − (𝜏𝑘𝑘 ) + 𝛼𝐸 ∆𝑇
𝐸
𝐸

Eq. 6

Expanding and solving for 𝜀𝑥𝑥 as the 𝜀𝑖𝑖 term for proof purposes yields:
𝜀𝑥𝑥 =

1+𝜈
𝜈
𝜏𝑥𝑥 − (𝜏𝑥𝑥 + 𝜏𝑦𝑦 + 𝜏𝑧𝑧 ) + 𝛼𝐸 ∆𝑇
𝐸
𝐸

Eq. 7

It is important to note that the Kronecker Delta operator for this case has enabled the
second and third normal-stress only terms to have a non-zero value in the equation and is
implicitly shown above as a coefficient of 1 for both those terms. From inspection, the first term
and second terms can be further expanded into the following to allow for further algebraic
manipulation of the equation resulting in the following:
𝜀𝑥𝑥 =

𝜏𝑥𝑥 𝜏𝑥𝑥 𝜈 𝜈
𝜈
𝜈
+
− 𝜏𝑥𝑥 − 𝜏𝑦𝑦 − 𝜏𝑧𝑧 + 𝛼𝐸 ∆𝑇
𝐸
𝐸
𝐸
𝐸
𝐸

Eq. 8

The second and third term cancel each other out, while 𝜏𝑦𝑦 and 𝜏𝑧𝑧 have a common
coefficient and can be grouped inside parentheses using the rule of distributive property.
Similarly, 𝜏𝑥𝑥 and 𝜈 share the same denominator, 𝐸, which can be factored out from those terms
to group them together, Now the remaining terms constituting the more employed version of the
thermoelastic strain equation for normal stresses:
𝜀𝑥𝑥 =

1
[𝜏 − 𝜈( 𝜏𝑦𝑦 + 𝜏𝑧𝑧 )] + 𝛼𝐸 ∆𝑇
𝐸 𝑥𝑥

Eq. 9

The normal strain-stress coupled responses is fully described taking into account the
thermal strain addition due to the thermal expansion coefficient, considering that the indices can
take any given numeric value (i.e., 1, 2 or 3) and that 𝑥𝑥 ≠ 𝑦𝑦 ≠ 𝑧𝑧 in Eq. 9 above.
Furthermore, Eq. 1 can be inverted to define the constitutive response of a thermoelastic
material in terms of stresses as a function of the strains, similar to the mathematical approach and
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calculations performed when using the Finite Element Method (FEM/FEA). This stress equation
is written using index notation as follows:
𝜏𝑖𝑗 = 2𝐺𝜀𝑖𝑗 + 𝜆𝜀𝑘𝑘 𝛿𝑖𝑗 − 𝛽 ∆𝑇𝛿𝑖𝑗

Eq. 10

Where:
𝜆=

𝜈𝐸
(1 + 𝜈)(1 − 2𝜈)

Eq. 11

And,
𝛽 = (3𝜆 + 2𝐺)𝛼

Eq. 12

Moreover, to show the cause of thermal or residual stress fields one must consider a state
in which a body is not able to freely expand. If the body is fully constrained in all normal
directions after undergoing an increase in temperature, it is said to be in a homogenous state of
hydrostatic stress where the terms 𝜏𝑥𝑥 = 𝜏𝑦𝑦 = 𝜏𝑧𝑧 in Eq. 9. However, if the constraints are
partial it will deform in a different, non-uniform manner resulting in state of stress termed a
thermal stress field. Furthermore, in equation form, with no stresses applied one can state that
for any given homogenous, isotropic material with a temperature change of ∆𝜃 applied and
assuming a linear elastic response the total strain will only be due to the thermal expansion:
Eq. 13

𝜀𝜃 = 𝛼𝐸 ∆𝑇

Where 𝜀𝜃 denotes the thermal strain. In a state where the expansion is not fully free, Eq. 1
or its inverse, Eq. 10 can be utilized in order to solve for the resulting thermal/residual stress
components. It helps to reformulate Eq. 1 in terms of the measured strain to recognize that when
the measured strain is zero, the mechanical strain becomes the equal and opposite to the thermal
strain, giving rise to the thermal stress term, as shown in Eq. 14 and Eq. 15 and below:
𝜀𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 = 𝜀𝑚𝑒𝑐ℎ + 𝜀𝜃
And, when 𝜀𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 is equal to zero, the equation becomes:
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Eq. 14

𝜀𝜃 = −𝜀𝑚𝑒𝑐ℎ = −

𝜏
𝐸

Eq. 15

In fact, the stresses that will be created are dependent on the constraints applied to the
body. Considering a simple, traction case in which displacement is only fully constrained in one
direction, 𝑥, and where only a change in temperature is applied with no mechanical loadings the
resulting stress is obtained by noting that in Eq. 9 the terms 𝜀𝑥𝑥 , 𝜏𝑦𝑦 and 𝜏𝑧𝑧 are zero. This yields
the following equation to describe the normal stress that arises in an isotropic thermal expansion
with traction boundary conditions:
𝜏𝑥𝑥 = −𝐸𝛼𝐸 ∆𝑇

Eq. 16

For proof and verification of proper understanding of the thermoelastic constitutive
equations and more specifically the role of boundary conditions/constraints on thermal stress
fields, a simple traction setup FEM model was develop to compare the results that should be
equivalent to analytical solution. It is absolutely crucial to recall from Eq. 1 and Eq. 9 that the
thermal expansion strain magnitude only exists mathematically in the strain tensor thermoelastic
equation for the normal strain/stress cases. Shear strain is only a function of shear stress, and vice
versa, and they are uncoupled from the normal and thermal expansion strain.
For this task, a cubic body with edges along a coordinate system defined by mutually
perpendicular vectors 1 (x), 2 (y), and 3 (z), undergoing a change of temperature from state 1 to a
different temperature state was considered. This thermal stress traction problem setup was
considered in which one face normal to the y-axis is fixed in that direction, one normal to the zdirection is fixed along that direction, but both faces normal to the x-axis are fixed in that
direction so that the body cannot expand in that direction in neither face (See Figure 2) It follows
then, from Eq. 16 that the resulting stress would be only 𝜏11 . Considering the Young’s Modulus
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(1.5 GPa) and coefficient 𝛼 (73.8 E-6

𝑚
𝑚∙𝐾

) for a thermoplastic material for quantifiable

comparison purposes, and a temperature increase of 100 Κ, plugging into Eq. 16 yields:
𝜏11 = −(1.5 𝐸9 𝑃𝑎) (73.8 E − 6

𝑚
) (100 𝐾) = −10.332 𝑀𝑃𝑎
𝑚∙𝐾

Eq. 17

For a firmer grasp on the physical understanding of the phenomenon described by these
equations, one should note that the double subscript notation denotes the physical orientation
upon which the second order stress and strain tensors act. The first number denotes the
coordinate that is normal to the area the stress and the second number denotes the coordinate
direction the stress is acting on [33]. So, 𝜎11 is the stress acting on the face or area perpendicular
to the 1-direction and in the 1-direction making it a normal stress. This is due to the fact that
stress is not a scalar but rather a quantity only fully defined as a second order tensor and that for
this specific traction case the body can expand on a face normal to the y and z axis along that
direction but not along the x direction. This creates a stress component along that coordinate axis
since thermal strain expansion was not allowed to occur creating a reaction force to maintain the
zero acceleration of the body as per Newton’s second law.
The model was then created to verify a proper understanding of the solutions performed
by the FEA solver to match the analytical equations. The model was a single step having an
equal value temperature increment that should generate stresses to match exactly the solution to
Eq. 16 in the prescribed direction shown in Eq. 17. Given that the finite element model is
anticipated to produce an exact solution independently of the number of elements used, a oneelement geometry mesh was used and the results were posteriorly checked with a model of
multiple, relatively small number of elements (8,000); both yielded the expected same exact
stress state result acting on the body, undeniably eliminating the concern of a mesh-dependent
solution, a defect often times present in FEA models. The element used from the Abaqus library
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was the eight-node linear brick element for mechanical stress simulations, C3D8. The
mechanical boundary conditions for this thermal stress FEA simulation are depicted in Figure 2
below.

FIGURE 2. CONSTRAIN CONDITIONS SHOWN FOR THERMAL STRESS 𝜏𝑥𝑥 /𝜏11 RESULT.
Applying the same one-step temperature increase ∆𝑇 of 100 𝐾, with the thermal
expansion behavior set to isotropic, meaning the expansion is equal in all directions as opposed
to orthotropic or anisotropic, as well as the same Young’s Modulus (1.5 GPa) and coefficient 𝛼𝐸
𝑚

(73.8 E-6 𝑚∙𝐾) yielded an exact match to the thousandth decimal of the thermal stress value, 𝜏11 .
The results are shown below in Figure 2 and Figure 3. It is worth noting that no shear stresses are
created with the described thermal expansion and boundary condition step leaving only 𝜏11 , 𝜏22 ,
and 𝜏33 to analyze. As expected given the traction loading and boundary condition setup, only
𝜏11 yielded a non-zero value (Figure 3) matching exactly the value calculated analytically in Eq.
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𝑁

17. Stress units are in Pascals (𝑚2 ), also abbreviated as Pa. The one-element model Abaqus input
file is presented in APPENDIX A- ABAQUS INPUT FILES , as INPUT FILE A-1.

FIGURE 3. STRESSES 𝜏22 AND 𝜏33 MATCHING THE PREDICTED ZERO VALUE IN THE SIMULATION.

FIGURE 4. 𝜏11 STRESS MATCHING THE ANALYTICAL SOLUTION VALUE IN PA.
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2.2 THEORY OF HEAT DIFFUSION WITH SIMPLE CASE FEA MODEL
VALIDATION
The physical law describing heat conduction is based on the continuum concept and is
called Fourier’s law, named after French scientist J.B.J Fourier. The law in its most basic onedimensional form, for steady state heat conduction (no change with time) defines the heat flux, q,
through a continuum as directly proportional to the temperature difference across surfaces
(𝑇1 − 𝑇2 ) where 𝑇1 > 𝑇2 , the surface area, A, a proportionality constant, k , and as inversely
proportional to the thickness, L [35]. In equation form, this then becomes:
𝑞 = 𝑘𝐴

𝑇1 − 𝑇2
𝐿

Eq. 18

The law is briefly introduced in its most basic form as it defines thermal conductivity,
expressed in this work as the Greek letter Κ, as the key thermophysical property with units in the
SI system of 𝑊/(𝑚 ∙ 𝐾). However for the case utilized in this model, the applicable general heat
conduction equation in three-dimensional form for homogenous isotropic materials is:
∇2 𝑇 +

𝑠̇
1 𝜕𝑇
=
𝑘 𝛼𝐷 𝜕𝑡

Eq. 19

Which, by expanding the Laplacian operator ∇2 , can also be rewritten as:

1 𝜕𝑇 𝑠̇ 𝜕 2 𝑇 𝜕 2 𝑇 𝜕 2 𝑇
= +
+
+
𝛼𝐷 𝜕𝑡 𝑘 𝜕𝑥 2 𝜕𝑦 2 𝜕𝑧 2

Eq. 20

And where 𝛼𝐷 , the thermal diffusivity property of the material is defined as:
𝛼𝐷 =

𝜅
𝜌 ∙𝑐

Eq. 21

Where 𝑇 is the absolute temperature in Kelvin, 𝑡 is time in seconds, 𝑠̇ is internal heat
generation (𝑊/𝑚3 ), 𝜌 is density (𝑘𝑔/𝑚3 ), and 𝑐 is specific heat in 𝐽/(𝑘𝑔 ∙ 𝐾). The Cartesian
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coordinate vectors are indicated by x, y, and z. From Eq. 21, one can observe that the thermal
diffusivity of a material is a function of three its material properties and indicates the ability of a
material to transfer heat through its medium in transient-state conditions. A higher thermal
diffusivity value signals “less resistance” of a given material to conduct heat through its body,
and can be a result of high thermal conductivity properties, or a low thermal capacity value, ρc.
These ratio indicates the characteristic behavior of a material in terms of how much energy is
stored in transient state versus how much energy is transferred through its medium. Thermal
diffusivity in fact has units of area per unit time, which in SI units are m2/s as shown below:
𝑊
𝑚2
𝑚
∙
𝐾
𝛼𝐷 =
=
𝑘𝑔
𝐽
𝑠
+
𝑚3 𝑘𝑔 ∙ 𝐾

Eq. 22

For the transient heat transfer finite element models later presented in this thesis, constant
thermophysical properties were assumed as well as not heat generation. For this case, the general
heat conduction equation (Eq. 19) takes the following form, also known as the Diffusion
equation:
∇2 𝑇 =

1 𝜕𝑇
𝛼𝐷 𝜕𝑡

Eq. 23

In order to develop a simple heat conduction FEA model to validate, steady-state
conditions were assumed, with no heat generation, and constant thermophysical properties.
Considering steady-state conditions and internal heat generation sources, Equations Eq. 19 and
Eq. 20 simplify to the following, known as the Laplace equation:
Eq. 24

∇2 𝑇 = 0

To further simply the heat transfer case to model, a one-dimensional case was considered,
and the two boundary conditions for this second order partial differential equation were set as
follows:
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𝑑𝑇

𝑇𝑥=𝐿 = 0 and −𝑘 𝑑𝑥 |

𝑥=0

Eq. 25

=𝑞

Solving the partial differential equations yields the exact solution, which can be
compared to the FEA results directly with matching loading and boundary conditions regardless
of material system used. The well-known exact solution for this one-dimensional, steady-state
case of heat conduction is the following:
𝑞
𝑇(𝑥) = − (𝑥 − 𝐿)
𝑘

Eq. 26

Using the properties in Table 1, corresponding to a thermoplastic material, the solution
was derived for a medium with an arbitrarily selected total length of .05 m, and the temperatures
were obtained for every .05 m, beginning from the point of the flux, where a flux q of 50 W/m2
is applied at the boundary.
TABLE 1. THERMOPHYSICAL PROPERTIES USED FOR HEAT CONDUCTION FEA MODEL.
Thermophysical Properties
Units
Value
c (specific heat)
Κ (thermal conductivity)

J/kg K
𝑊/(𝑚 ∙ 𝐾)

ρ (density)

kg/m

3

1300
0.14
1050

Plugging in these values into Eq. 26 yielded the following temperatures calculations at
the respective distances:
TABLE 2. RESULTS FROM HEAT CONDUCTION ANALYTICAL SOLUTION.
Distance
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
(m)
Temperature
178.57 160.71 142.86
125 107.14 89.29
71.43
53.57 35.71 17.86
(K)

0.5
0

Similar to the FEA one-element model for the thermal stress solution, an FEA model was
constructed with matching boundary conditions. In this case, the geometry of a rectangular prism
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was selected for simplicity to model and portray the heating case. The same material properties
were assigned, as well as the flux q of 50 W/m2.The results, as anticipated, matched the results
obtained from the analytical solution and are shown below, in Figure .

FIGURE 5. STEADY-STATE ONE ELEMENT FEA MODEL RESULTS.
For this simple-loading case, the resulting temperature computations are straightforward
so that the solution accuracy is not improved with an increase of mesh density. For the case,
similar to the previous FEA thermal stress case, only one element was utilized. In this case the
linear temperature brick element with eight nodes, DC3D8, was used. The input file for this
model is presented in the APPENDIX A- ABAQUS INPUT FILES as INPUT FILE A-2.
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CHAPTER 3: FINITE ELEMENT THERMOMECHANICAL MODEL FOR
RESIDUAL STRESSES
This chapter presents a brief overview of the problem type this model ultimately intends
to solve: coupled temperature-displacement in transient state. Subsequently, the user subroutines
created and tested to represent different physical responses for the model are presented with
validation models. The significance of these subroutines is explained. Next, a prototype FEA
model suitable for the problem type along with its geometry, mesh, element type, boundary
conditions, load configuration, as well as the heating and cooling thermal-displacement transient
steps are discussed and justified. Then, a purely heat transfer simulation is run with the given
selected conditions to ensure mesh convergence and it is validated with a circular shaped heat
flux applied, and these results are discussed. Finally, a coupled thermal-mechanical transient
model is solved with the same conditions as the heat transfer problem except coupled and the
results are analyzed and discussed.
3.1 FINITE ELEMENT THEORY FOR COUPLED THERMOMECHANICAL MODELS
In general, the procedure for coupled thermal-mechanical finite element problems
involves applying a backward-finite difference algorithm to integrate the thermal and mechanical
equations over the time step. The procedure is as follows: 1) the thermal field is resolved, 2)
thermal strains are computed, and 3) the mechanical equation is solved accounting for the
thermal strains in previous step. Along each time step, the nonlinear/unsymmetric equation
systems are linearized and solved by a full Newton-Raphson iteration scheme that “converges”
when the residual error vectors computed are within an acceptable range for that time step [36].
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With hundreds of thousands or millions or elements, the computational expense to run the
finite element solution can become very expensive. Therefore, it becomes a priority to reduce the
amount of elements to the minimum amount while avoiding obtaining mesh-dependent results.
When modeling cases with a weak coupling between the mechanical and thermal solution, an
alternative, symmetric solution method can be used in Abaqus that reduces solver computational
time per iteration by a factor of two [37].
3.2 ABAQUS USER SUBROUTINES: UMAT, UMATHT, AND UEXPAN
The user subroutines were written in Fixed Form FORTRAN, and the main references
used to write out the subroutines were the Abaqus Documentation [37] and an introductory text
to programming with FORTRAN [38]. These subroutines are key because they are the platform
to develop a more complex finite element model, as is needed in the case of EBM and SLM
processes, which can account for key physical and chemical processes occurring such as the
changes of phase.
When considering that the material is initially powder when the laser or beam is applied,
and then it is molten and posteriorly solidified, the problem of modeling macro residual stresses
is quite challenging. It becomes obvious of course, that assigning stiffness properties to a
material in liquid state is unreasonable, but the practice of implementing a model to consider this
is not as straightforward.
The idea for developing and testing these subroutines to model available behaviors
(linear-elastic, for example) is to reduce the likelihood of introducing errors into the programs
that will later be utilized to model complex physical behaviors. The initial idea proposed was to
set a state variable that would account for the state of the material and respectively assign it its
mechanical and thermophysical properties. The work presented is an advance made towards
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being able to model that and for example, account for temperature-dependent properties as well
to get closer to modeling the actual occurring physics.
3.2.1 UMAT Subroutine
The UMAT subroutine in Abaqus provides an interface with user-defined variables to
develop mechanical constitutive models not available in the library and that can be used to model
mechanical responses with multiple constants such as state variables. One of the basic
requirements that the UMAT should have is the ability to store solution-dependent state variables
in order to update the solution for the following step, such as plastic strain and change in strain
energies. In Abaqus/Standard, the subroutine is called for each material point per every iteration
per increment, according to the documentation. Besides updating the stresses and the
aforementioned state variables, one must define the also define the material Jacobian matrix

𝜕∆𝜎
𝜕∆𝜀

, also known as tangent stiffness matrix to relate the stresses and the strains. For validation
purposes, given that developing a UMAT requires considerable experience and expertise, the
UMAT for an elastic material was written. For this case, the material Jacobian matrix takes the
following form relating the strains to the stresses in engineering or Voigt form, using Lame
constants:
𝜎11
𝜆
𝜆 + 2𝜇 𝜆
𝜎22
𝜆 𝜆 + 2𝜇 𝜆
𝜎33
𝜆
𝜆 𝜆 + 2𝜇
𝜎23 =
0
0
0
𝜎13
0
0
0
[𝜎12 ] [ 0
0
0

0
0
0
𝜇
0
0

Where,
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0
0
0
0
𝜇
0

0 𝜀11
0 𝜀11
0 𝜀11
0 2𝜀23
0 2𝜀13
𝜇] [2𝜀12 ]

Eq. 27

𝜆=

𝐸𝜐
(1 + 𝜐)(1 − 2𝜐)

Eq. 28

And,
𝜇=𝐺=

𝐸
2(1 + 𝜐)

Eq. 29

The matrix is defined in the subroutine as DDSDEE, and unless specified otherwise
Abaqus only uses the symmetric part of the Jacobian matrix to compute stresses. The STRESS
(array of stresses at beginning of increments), STRAN (array of strain at increment start),
DSTRAN (strain increments), SSE (specific elastic energy), and SPD (plastic dissipation) were
also correspondingly defined. The full subroutine is shown as UMAT SUBROUTINE (FIXED
FORM FORTRAN) in the Appendix.
This elastic UMAT was tested with a simple case of induced thermal stresses along with
the subroutine UEXPAN, and yielded the same exact results as the linear elastic behavior and
isotropic linear expansion behavior. For the boundary conditions, one of the faces of the
cylinders was fully fixed at all displacement and rotational degrees of freedom, and a step with a
temperature change was applied to induce thermal expansion and thermal stresses along the
body. The results shown below, in Figure 6, were exactly the same for the user defined elastic
behavior and thermal expansion as the counterparts in the Abaqus library. To call on this two
subroutines, the material was set to USER and the thermal expansion as well set to USER. This
indicates to the solver that subroutines will be called on to solve the finite element system of
equations and obtain the nodal/element outputs.
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FIGURE 6. RESULTS OBTAINED USING UMAT AND UEXPAN SUBROUTINES.
UEXPAN Subroutine
The UEXPAN subroutine, which defines the thermal expansion behavior, is much shorter
and requires less variables to be defined than the UMAT discussed previously. The subroutine
does have the ability, however, to model orthotropic and anisotropic thermal expansion behavior,
which can be used for certain materials other than, say, metal alloys. For the case of isotropic
expansion behavior, which was the case modeled for validation as shown in the previous section
in a body in thermal stress state, one material property fully characterizes the behavior: the
coefficient of linear thermal expansion. The variables to be defined in the subroutine are EXPAN
and DEXPANDT, the former is the increment of thermal strain (as defined in Eq. 13), while the
latter refers to the variation of thermal strains with respect to temperature, in this case being
simply the coefficient of linear thermal expansion. This is assuming constant expansion behavior
regardless of temperature state. A state variable can also be defined and passed along the solution
iteration increments. For the subroutine created, the constant thermal expansion value was
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defined within the program. The subroutine for this isotropic thermal expansion behavior case is
shown in the Appendix, as UEXPAN SUBROUTINE (FIXED FORM FORTRAN).
3.2.2 UMATHT Subroutine
The UMATHT subroutine defines the constitutive thermal behavior of a given material,
including heat generation effects. The subroutine can also utilize state-dependent solution
variables as an array, STATEV. The variables needing definition are U, the internal thermal
energy per unit mas, DUDT, the variation of internal energy per thermal mass with respect to
temperature, DUDG, the variation of internal thermal energy per unit mass with respect to the
spatial gradients of temperature, as well as the heat flux, FLUX, with its variation with respect to
temperature, DFDT, and with respect to the spatial gradients of temperature, DFDG.
The subroutine written for validation assumed constant thermophysical properties k and
c, and heat transfer flux governed by the Fourier’s law shown in Eq. 18. Then, the internal
energy is simply the internal energy total at the start of each increment iteratively added for each
step, and the change with respect to temperature by definition is the specific heat, i.e.

𝜕𝑈
𝜕𝜃

= 𝑐.

Fourier’s law defines the flux as the negative thermal conductivity multiplied times the spatial
gradients of temperature. Finally, the variation of flux with respect to spatial gradients of
temperature is set to constant, the negative value of thermal conductivity, K.
The subroutine was validated using the heat transfer case discussed in Chapter 2, with
steady-state conditions and a heat flux applied on one of the boundary conditions with the
temperature set to 0 K on the other face to achieve a uniform temperature gradient. The model
solution yielded the expected, matching results to its Abaqus library counterpart thermal
behavior material. The two constants required, thermal conductivity and specific heat, and
extracted from the material constants defined for the user-defined thermal behavior and then
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called on in the subroutine. The input file is in the Appendix A for reference, as INPUT FILE A3. The subroutine for this case is fully presented in the Appendix B, as UMATHT
SUBROUTINE (FIXED FORM FORTRAN).
It is worth noting that for all three subroutines, the debugging was done through the use
of the WRITE function on the subroutine FORTRAN file directly. These function is applied to a
variable and the values of the variable for the simulations steps completed are printed to the
output .log file. The setup of the WRITE function use is: WRITE (6,*) "variable=", variable.
Where the variable can be any of the variables defined in the subroutine, such as STRESS or
DFDG, for example.
3.3 FEA MODEL CONSTRUCTION
As previously discussed in Chapter 2, there is a present rather pressing need to further
investigate, model, and predict the material properties of parts manufactured by SLM in order to
drive the improvement of these AM powder bed fusion systems overall to create a more cost,
energy, and material efficient process that requires less to no verification and post-processing of
parts. Parting from the developed and tested user subroutines presented in the previous section, a
prototype FEA model with the goal of ultimately being able to properly characterize a transient,
coupled temperature-displacement simulation calibrated by SLM or EBM parameters.
As with any relevant Finite Element Model results, the user must carefully consider the
occurring physics to simulate to obtain realistic results and properly validate the model [39]. It is
considerably easy to make mistakes when building complex models, so an emphasis was placed
to begin with simpler models and build up the complexity with proper validation checks along
the way.
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3.3.1 Quarter Sphere Symmetry Geometry
For the FEA model, a static heat flux was selected as being applied to the center region of
a half sphere geometry. As shown in Figure 7 below, the geometry lends itself to be able to apply
symmetry to reduce the number of elements needed to discretize the geometry and thus reduce
computational expense. A quarter of the half-sphere was considered, in the figure the symmetric
geometry used to model is outlined in blue and the laser/beam diameter is shown in red.

FIGURE 7. TOP AND ISOMETRIC VIEW OF SELECTED HALF SPHERE GEOMETRY FOR MODEL.
The model was designed using the computer-aided design (CAD) software program
SolidWorks. A face of the geometry was sketched with two straight perpendicular lines and a
curve with a radius of 5 millimeters connecting the edges at the other points, and a 90 degree
revolution followed to create the solid shape, utilizing, after multiple iterations running the
model, a uniform radius of 5 mm. After considering this symmetry, a CAD model was built with
several radii, R, in the millimeter range, considering that the diameters of the lasers/beams to be
modeled are in the one to two hundred micrometer range. The laser for SLM and beam for EBM,
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were considered as heat fluxes or heat source and will be referred to from this point on as such.
The CAD model is shown below in Figure 8.

FIGURE 8. TRIMETRIC (LEFT) AND BACK (RIGHT) VIEWS OF QUARTER SPHERE GEOMETRY CAD
MODEL.
Some important assumptions made for the modeling of this problem were that the laser
and beam can be modeled as heat fluxes with their corresponding power values, as well as the
shape of this flux, which is approximated as circular. Another assumption made was that a static
heat flux can be considered for a duration calculated from the range of scanning speeds of SLM
and EBM. Finally, the semi-infinite body assumption was used, stating that there is a sufficient
large radius R for which the boundary away acts as infinite and the change in temperature at that
distance is zero. In equation form, this can be stated as follows:
𝑅 → ∞, ∆𝑇 = 0

Eq. 30

The radius initially was set to a lower value but was increased sufficiently in order to
eliminate the effect of the far-field boundary condition on the heat conduction occurring in the
body, utilizing the parameters shown below, in Table 3.
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TABLE 3. PARAMETERS USED FOR FEA HEAT TRANSFER SIMULATION.
Parameter
Variable
Value
Units
Heating Time
t
0.5
ms
Flux Applied Over Full Circular Area
Flux per unit area
Total Energy
Circular Flux radius
Quarter Sphere radius

Q
r
R

20
637.27
0.01
0.1
5

W
W/mm2
J
mm
mm

This was accomplished by setting all the other parameter equal, including heat flux and
mesh, and running the problem several iterations, each time doubling the radius, until practically
identical temperature distribution was achieved in two consecutive iterations. This ensured that
with the given body radius, the effect of the far field boundary condition is negligible and can be
considered an adiabatic case. Considering a heat source diameter at 200 µm and thus radius of
100 µm results in a ratio of sphere radius to heat flux radius of 50:1.
Additionally, one can perform a more rigorous check and calculate the semi-infinite body
criterion inequality that states that a body can be considered semi-infinite in a heat conduction
transient state, of a characteristic length, L, if:
𝐿
2√𝛼𝑡

Eq. 31

≥2

This condition in fact is derived from the solution under the conditions of a body with a
semi-infinite boundary in heat conduction [35], which is:
𝜃(𝑥, 𝑡) 𝑇(𝑥, 𝑡) − 𝑇𝑠
𝑥
=
= 𝑒𝑟𝑓
𝜃𝑖
𝑇𝑖 − 𝑇𝑠
2√𝛼𝑡

Eq. 32

Where 𝑇𝑠 is the surface of the temperature in the far field boundary condition, 𝑇𝑖 is the
initial, uniform body temperature, and 𝑒𝑟𝑓 is the error function. The graphical solution to this
equation results in the condition stated in Eq. 31. Applying the current given parameters for the
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heat transfer model, as well as the thermal diffusivity property for the material (introduced later
in Table 4) to substitute for the variables in equation yields:
5𝐸 − 3 𝑚
2√(2.762 E − 6 𝑚2 /𝑠) (5𝐸 − 4 𝑠)

= 67.27 ≥ 2

Eq. 33

This value of 67 well exceeds the required quantity of 2. Therefore, the model does meet
the analytically derived conditions for a semi-infinite body as well.
The spot size of the heat flux diameter parameter given in Table 3 was arbitrarily selected
from within the ranges on which SLM and EBM printers operate on as listed on their commercial
websites (SLM Solutions and ARCAM). The time duration of the laser applied was calculated
using a beam/laser speed in the lower range of 400 mm/s, and considering the spot size of .2 mm
on which the laser acts with the surface. Dividing this spot length by the velocity yields a time of
5E-4 s, or .5 ms.
The heat flux used is reduced from what the power applied usually is in most cases but
several numerical studies have used what can be considered effective fluxes for their numerical
models in the order of tens of watts or less [28[29], presumably to account to some extent for the
radiation, reflective, and convection losses. It could have also be done to enhance the reliability
of the results captured from the FEA solution and increase convergence likelihood, as applying
heat fluxes of hundreds of watts in such small areas can yield results of nodal temperature values
in the range of hundreds of thousands degrees. This occurs in the conduction-only models most
likely due to the neglecting of other heat transfer mechanisms occurring simultaneously during
the beam/laser heating process.
The reason for the geometry selected is that symmetry is appropriate due to the
permitting boundary and loading conditions desired and it is used to avoid the complete halfsphere configuration that would require four times more three-dimensional (3D) continuum
39

elements to mesh for the finite element simulation. Furthermore, the results theoretically would
be the same as if a full sphere were used so it is sensible to reduce the geometry to the smallest
possible size without compromising the results of the simulation while at the same time reducing
the computational costs required to solve for the desired output values by the FEA solver.
The model used considers, for heat transfer purposes, only conduction and neglects
radiative and convection heat transfer mechanisms, as previously done in literature due to its
presumed negligible effects on the overall heat transfer occurring [28].
3.3.2 Material System: Ti-6AL-4V
Material properties must be assigned to develop the mechanical and thermal stiffness
matrices in the finite element solution and obtain a numerical solution. For the model, the
material selected is a Titanium alloy widely used to make parts by EBM and SLM processes as
observed in the literature review section of thesis: Ti-6AL-4V, or Ti64 for short. Titanium alloys
are heavily preferred in certain industries, where a high strength-to-weight is optimal for
fabricated parts [40]. Furthermore, Ti64 currently accounts for more than half of titanium alloys
manufacturing and production [41]. The mechanical and thermal properties of a Ti64 alloy were
thus used to define the properties of the model and were obtained from [42]. The material
properties are presented in Table 4 below. The plasticity definition was obtained from published
experimental results at different temperatures [43] and for brevity is presented in the Appendix
C, as APPENDIX C-1 - PLASTICITY TABLE FOR TI-6AL-4V.
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TABLE 4. PROPERTIES USED CORRESPONDING TO TI64 ALLOY.
Property
Symbol
Value
Units
Density

ρ

4510

kg/m3

Specific Heat

c

570

J/kg*K

Thermal Conductivity
Young's Modulus
Poisson's Ratio
Thermal Expansion
Thermal Diffusivity

κ
E

7.1
1.1 E11
0.35
9 E-6
2.762 E-6

W/m*K
Pa
K−1

For the plasticity model definition, the Mises Yield Criterion/J2 Plasticity model was
utilized. Isotropic hardening was also included as the plastic strain is assumed to be well past the
yield point were Bauschinger’s effect is not negligible. The Mises Yield Criterion is defined by
the following equation:
1
2
2
𝐽2 = [(𝜏𝑥𝑥 − 𝜏𝑦𝑦 ) + (𝜏𝑦𝑦 − 𝜏𝑧𝑧 ) + (𝜏𝑧𝑧 − 𝜏𝑥𝑥 )2 ] + 𝜏𝑥𝑦 2 + 𝜏𝑦𝑧 2 + 𝜏𝑧𝑥 2
6

Eq. 34

Where 𝐽2 is the second invariant of the stress deviator tensor, and the right hand side of
the equation are the stress terms resulting of the equation in index form. This criterion states that
plastic deformation, or yielding, begins at the point:
2
𝐽2 = 𝑘𝑀
=

𝑌2
3

Eq. 35

Where KM is a stress-state dependent material constant obtained experimentally and 𝑌 2 is
the yield strength of the material. The equation states that the yield point is reached when the
effective Von Mises stress defined in Eq. 34 is equal to the magnitude of the material constant
squared.
Up to this point only the macroscale properties of this titanium alloy needed defining as
the model, as previously discussed, is designed to be able to compute macro residual stresses.
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Therefore, the effect of the resulting microstructure, such as grain phases, and their effect on
ductility and stiffness properties were not considered.
3.4 MESH DEVELOPMENT
The mesh development was performed with an emphasis on having the maximum
element density as well as quality in the region of interest, which is where the heat flux is applied
and the immediate surrounding regions. This is done with the goal of assigning the necessary
number and type of elements to the area where the steep thermal gradients are developed and
displacement occur. The element desired in the model were 8-node linear brick elements as they
have previously been use with success in literature for similar problems and overall they are
adept at capturing deformation at its integration points in various loading conditions.
When developing the mesh, one must prioritize the aptitude of the chosen elements to
perform well in the mechanical computations as the heat transfer conduction is typically less
complicated to solve for along the element integration points. The 8-node linear brick elements
are available for heat transfer simulations (DC3D8) and for coupled temperature-displacement
simulations (C3D8T) in the Abaqus library. Given these requirements, a mesh was developed
using Altair HyperMesh.
Referring to Figure 9 below, the broad steps to build the mesh are described next.
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FIGURE 9. MESH DEVELOPMENT PROCEDURE A THROUGH F.
The first step was importing the CAD created in SolidWorks as a STEP File as shown in
(a). Then, one of the surfaces of the quarter-sphere geometry was split using circular lines
extending systematically and radially away from the center to create different surfaces on which
to create 2D quadrilateral elements (b). Next the surface closest to the region is selected and a 2D
mesh with quadrilateral elements is created, as shown in (c) with the desired density. This
process is repeated for the adjacent surfaces moving radially away from the center and applying
a linear bias as deemed appropriate to create the highest quality possible elements (Jacobian >
0.7) near the center while reducing the number of elements on the far-field surface since that
region is not of interest (d) and (e). Finally, the command Spin is utilized to create 3D
dimensional hex 8 elements, or 8-node linear bricks as shown in (f) and, after the 2D elements
are deleted, the solver-deck geometry and mesh can be exported in to an input file to posteriorly
be imported into Abaqus and applied the desired loads, boundary conditions, and steps. This
technique was quite adept at applying biasing moving away from the center and allowed the user
to have a mesh density in the heat flux area of 800 elements with a total of less than 90,000
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elements; this taking into account that the ratio of heat flux radius to body radius is of 50:1. The
only downside is that the Spin command to create the 3D elements unavoidably created Penta 5
elements in order to fit the rotation of the quadrilateral elements around the center. These
elements had the poorest quality but only made up around 4-5% of the total mesh and still had an
acceptable Jacobian > 0.5 as indicated by the software documentation [44].
Following the steps described above, and after several attempts using too few elements in
order to model the response of the heat flux over the area (in the order of tens of elements), three
new meshes were created each time doubling the number of elements in the flux surface to
perform a mesh convergence or mesh dependence study. This study is performed to ensure that
the finite element model solution is properly set up and in fact converging to one solution if the
model discretized into a sufficient number of elements. Another key takeaway from the mesh
convergence study is that it yields a percentage error value that can be used to measure the
tradeoff in increased accuracy at the cost of more computational cost, or longer run times. The
meshes developed are shown below, in Table 5.
TABLE 5. MESHES CREATED FOLLOWING THE DESCRIBED PROCEDURE.
Flux Surface
Mesh
Element Density
1
2
3

200
400
800

Total Number of
Elements

Percentage of
Elements
Jacobian< 0.7

Minimum
Jacobian

50,000
77,600
86,800

≈ 5%
≈ 5%
≈ 5%

0.58
0.57
0.58

The mesh convergence study needs for an actual solution to be obtained by the FEA
model and therefore is discussed in the ensuing section.
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3.5 HEAT TRANSFER ONLY MODEL
In order to validate the circular heat flux application into the center of the quarter-sphere
geometry a purely heat transfer simulation was built, using the parameters in Table 3, and the
meshes created and described in the previous section utilized to perform an mesh convergence
study.
3.5.1 Mesh
The elements used were DC3D8 heat transfer elements for the brick elements, and the
DC3D6 for the 6-Node triangular prism elements. All three meshes yielded nearly identical
surface temperatures with less than a 0.2% change from Mesh 1 to Mesh 2, and an even lower
number when increasing the element density on the area up to Mesh 3. Since the heat conduction
is the key point of interest for this simulation, the parameter to perform the convergence study on
was the temperature one spot size (0.1 mm) from the circumference of the circular heat source,
with only the heating phase simulation done. The mesh convergence study discussed in the
previous section is shown below, in Figure 10. From Mesh 1 to Mesh 2 the change was of
3.16%, while the solution appears to convergence for the next Mesh, for which the percent
change dropped to only 0.16%.
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FIGURE 10. MESH CONVERGENCE STUDY USING TEMPERATURE ONE SPOT RADIUS AWAY.
3.5.2 Boundary Conditions
The boundary conditions imposed on this FEA model were the circular heat flux applied
at the boundary and the entire body being insulated. The remaining boundary condition was the
far-field boundary and the effects were ensured to be negligible with this parameters by doubling
the quarter sphere radius and comparing the temperature distribution between the two. The
temperature half a spot-size away from the heat source was also compared and found that
doubling the radius resulted in less than a 0.1% change in the temperature. This results and the
identical temperature distribution plots were interpreted as evidence that the 5 mm radius for the
body is sufficient for the current loading conditions.
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FIGURE 11. TEMPERATURE PLOTS WITH DIFFERENT QUARTER SPHERE BODY RADII.
Similarly, now considering that the boundary could have an effect on the dissipation of
the heat during the cooling step, possibly contradicting the validity of the semi-infinite body
theory used, another check was performed. A point directly beneath the heat flux surface at one
half the spot size or heat flux radius away was selected, and again for the same mesh the
temperature histories with as a function of time were compared with a radius of 5 mm and a
radius of 10 mm. The resulting plot is shown below, in Figure 12.
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FIGURE 12. SEMI-INFINITE BODY BOUNDARY CONDITION CHECK WITH POINT TEMP. HISTORIES.
3.5.3 Application of Load and Simulation Steps
The loading conditions that have been discussed throughout were the ones applied to the
model, with no predefined field for temperature, so the body is at 0 K initially and gains the
amount of thermal energy only as applied by the heat flux integrated over time. Since the
mechanical equation is not coupled nor solved in this model, the computation was fairly
straightforward, and the transient simulation was set with a maximum allowable temperature
change of 100 K.
3.5.4 Results
For all three meshes, the temperature distribution curves in the radial dimension were
nearly identical, as shown next in Figure 13.
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FIGURE 13. HEAT DISSIPATION RESULTS WITH DIFFERENT MESH DENSITIES.
3.5.5 Validation
For validation of the model, some effort was spent trying to compare the resulting
solution directly to the classical point source heat solution, introduced in [23] with no success.
The point source temperature predictions consistently well exceeded the temperature returns
obtained by the FEA models ran by several orders of magnitude. A factor affecting this could be
the extremely short duration of the distributed heating source being applied less than
milliseconds on such a small area, which caused the dissipation to occur very quickly away from
the source and not being comparable to a point source. A Green’s function approach solution was
utilized for a circular heat source and compared to an FEA solution with different parameters,
yielding promising results.
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3.5.5.1 Green’s Function Method
A derived solution to the circular heat source geometry using the Green’s function
method was used for comparison, resulting in a very promising comparison slope-wise
comparing the temperature history of a point directly below the heat flux, however with still
some discrepancy in magnitudes. This method is discussed with some detail next, but the full
derivation with details is found in [45]. In general, the inhomogeneous term present in the
general heat conduction equation presented in Chapter 2 Section 2, f(x,t) is solved for utilizing
the convolution property of the Green’s function:
𝑡

T(x, t) = ∫ ∫ 𝐺(𝑥, 𝑡; 𝑦, 𝜏) 𝑓(𝑦, 𝜏) 𝑑Ω𝑦 𝑑𝜏

Eq. 36

0 Ω𝑦

Where T(x, t) is the temperature at any location and any given time is, Ω𝑦 is any half
space,

𝐺(𝑥, 𝑡; 𝑦, 𝜏) is the Green’s function for the heat conduction equation differential

operators, and 𝑓(𝑦, 𝜏) is the inhomogeneous term. Considering the solution applied only over an
area, 𝐴𝑓 the integral solution can be rewritten as:
𝑡

T(x, t) = ∫ ∫ 𝐺(𝑥, 𝑡; 𝑦, 𝜏) 𝑓(𝑦, 𝜏) 𝑑S𝑦 𝑑𝜏

Eq. 37

0 A𝑓𝑦

The solution for the circular heat source, considering the radial distance and angle in
cylindrical coordinates in fact becomes a triple integral, but with one of the integrals being
explicitly solvable, the solution reduced to a double integral requiring numerical integration, as
follows:

50

𝑡 𝑎

u(x, t) = ∫ ∫
0 0

Η(𝑡𝑓 − 𝜏)𝑄̇ r𝑦
4√𝜋[𝛼𝐷 (𝑡 −
∙ exp [−

3
𝜏)] ⁄2

∙ 𝐽0 [

r𝑦 𝑥1
]
2𝛼𝐷 (𝑡 − 𝜏)

Eq. 38

𝑥32 + 𝑥12 + 𝑟𝑦2
] 𝑑r𝑦 𝑑𝜏
4𝛼𝐷 (𝑡 − 𝜏)

Where a is the circular heat source radius, Η(𝑡𝑓 − 𝜏) is the Heavyside function that only
exists when 𝑡𝑓 = 𝜏, 𝑡𝑓 is the time duration of application of the heat source, 𝑡 is the total time, 𝑄̇ is
the heat flux per area divided by the density multiplied the specific heat, and r𝑦 , 𝑥1 , and 𝑥3
establish the position coordinates of the point analyzed with respect to the heat flux in cylindrical
coordinates. The numerical integration was carried out by a code in MATLAB, using different
parameters and the results obtained can be seen below, in Figure 14.

FIGURE 14. GREEN’S FUNCTION METHOD AND FEA SOLUTIONS COMPARISON
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The Green’s function method solution to the PDE captures the rise and drop in
temperature of a given point away from the circular heat source very closely resembling the FEA
solution. The material properties and heat fluxes were compared for both cases to ensure they
matched each other, and the finite size of the differentials was reduced until convergence was
achieved until reducing the size by an order of 10 caused less than a 1% change in the maximum
resultant temperature. Furthermore, mesh refinement was performed on the FEA model with no
significant change on the resulting solution either; it can be observed in the plot above that the
two solutions overlap one another. For the parameters and material properties used for this case,
the Green’s function method solution yielded a lower temperature at a distance of .04 mm away
from the circular heat source, directly beneath it. Nevertheless, the proximity to the FEA solution
is excellent and with some modifications to the size of the time or radial distance differentials
this difference could possibly be reduced significantly.
One of the factors that appear to affect the accuracy of the solution is the distance unit in
the MATLAB program, as using meters and its derived units for the thermophysical properties
and heat input caused a significant deviance from the solution order range in the MATLAB code
doing the numerical integration. No such substantial change was observed with the units for the
FEA solution. Another factor to take into consideration is the size of the differential in the
numerical integration as using different parameters may require different sizes to obtain accurate
solutions. These should be checked independently for each case and cannot be assumed to cause
a negligible effect on the solution.
Moving forward, the outstanding efficiency of this method provides a very quick
approach to check the accuracy of FEA solutions obtained when replicating a half space of any
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geometry under the application a circular heat source in transient state. It is especially beneficial
and useful considering the susceptibility to make mistakes when constructing an FEA model.
3.5.5.2 Conservation of Energy
Another approach for the validation of this model was focused on a conservation of
energy approach to calculate the average temperature increases in the section where the heat flux
is applied and in the overall body and ensure the temperature changes calculated by the FEA
model are at the very least in the same magnitude range. First, a conservation of energy check
was performed on the full body, as the total increase in internal thermal energy of the body was
calculated using the FEA post-processing tools and compared to the analytical value, defined as:
Δ𝑈 = 𝑚 ∙ 𝑐 ∙ Δ𝑇

Eq. 39

Where Δ𝑈 is the increase in internal energy and 𝑚 represents the mass. From the selected
inputs, the amount of energy in Joules being put into the system simply is the power multiplied
times the time duration:
Q = 𝑞̇ ∙ 𝐴 ∙ Δ𝑡 = 637.27

𝑊 1
∙ (𝜋 ∙ 0.12 )𝑚𝑚2 ∙ (0.5𝐸 − 3 )𝑠 = 0.0025 𝐽
𝑚𝑚2 4

Eq. 40

Utilizing the FEA software post-processing tools one cannot directly request this total
internal energy output, however, by requesting the output IVOL, the volume for each element in
the model by its integration points, and utilizing the Volume Weighted Average Temperature
Abaqus plug-in to obtain the average temperature change over the whole volume this quantity
can be computed. The plug-in returns total volume and weighted average temperature at current
step, and computing this as follows one can calculate the internal heat energy put in.
𝑄𝐹𝐸 = 𝑚 ∙ 𝑐 ∙ Δ𝑇 = 𝑉 ∙ 𝜌 ∙ 𝑐 ∙ Δ𝑇

Eq. 41

Plugging in the values obtained from the total volume and average temperature change
into the equation, as well including the density and specific heat yields:
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𝑄𝐹𝐸 = 0.0148968 𝑚3 ∙ 4510

𝑘𝑔
𝐽
∙ 570
∙ 6.5281896 𝐸 − 8 𝐾 = 0.0025 𝐽
3
𝑚
𝑘𝑔 ∙ 𝐾

Eq. 42

So, the amount of energy put into the system checks out and matches the calculated value
of energy being put into the system. Moving on to validate the magnitudes of the temperature
changes output by the FEA solver, the volume of the one-eight sphere geometry was selected as
the closed volume, just where the heat flux is applied on one of its faces. This is an idealized
assumption and will undoubtedly deviate from the actual maximum temperature but it is
assumed to provide a reasonable quantity of the maximum temperature increase the model will
see. Taking Eq. 39 and solving for Δ𝑇 with the mentioned volume of spherical geometry
mentioned and same material properties yields the following:
Δ𝑇 =

∆𝑈
=
𝑉∙𝜌∙𝑐

0.0025 𝐽
05.238E − 13 𝑚3 ∙ 4510

𝑘𝑔
𝐽
∙ 570
3
𝑘𝑔 ∙ 𝐾
𝑚

= 1857 K

Eq. 43

Comparing this value with the maximum temperature value obtained from the FEA
model, of 3,645 K, this value is lower but are still in the lower range of thousands of degrees
Kelvin. The adiabatic case (analytical) actually is less than the numerical (FEA) maximum
temperature increase using the given control volume, caused by the non-uniform heat conduction
within the body driven by the surface heat flux. Even though for the FEA model there is
conduction and thermal energy leaving the body, the thermal energy still concentrates due to the
large heat flux over a small area and results in a larger temperature increase than the shown
analytical calculation. One should recall that the analytical solution yields the average
temperature increase. One can in fact, in similar fashion as before, can confirm this simply by
cutting out, in the FEA model, the quarter sphere section of 0.1 mm, and computing through use
of the Abaqus post-processing tools the average temperature increase, as shown in the figure
below. The delta temperature increase output in the volume is 1,215 K, meaning that some of the
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heat energy in fact was diffused out of that volume. Another observation one can clearly make is
that the thermal energy in fact does get greatly concentrated in the region where the flux is
applied and is non-uniform in the body. This is the cause for the maximum temperature recorded
in the body being higher for the FEA model than for the analytical solution, where the calculated
temperature change is the average for the whole body and assumes uniform temperature
distribution.

FIGURE 15. NODAL TEMPERATURES OF 0.1 MM QUARTER SPHERE CUT FROM FULL BODY.
3.6 COUPLED TEMPERATURE DISPLACEMENT MODEL
For the coupled thermomechanical model, it first must be established that the results
obtained are not to be taken as accurate results, comparable to the real residual stresses created in
titanium alloys by EBM and SLM processes. Rather, it is a verification as to whether the
resulting stresses and strains make physical sense with the given boundary and loading
conditions, and with the assigned heating and cooling step. As covered in great detail in Chapter
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2, residual stresses usually end up divided into two large zones, one of tension near the surface
and one of compression as one moves away from the heat source after the cool-down phase.
Therefore, the nature of these stresses is expected to be captured with the current model, even
though the magnitude of the stresses cannot be considered valid as more work is required along
with use of the subroutines to realistically model the generation of residual stresses.
3.6.1 Mesh
The mesh utilized for this simulation was Mesh 3 discussed in the previous sections, as it
had a better Jacobian measurement than Mesh 2 and without a large increase in computational
time due to an increased number of elements. The elements used in the simulation available in
the Abaqus FEA package were ‘C3D8T’ elements, contraction for Continuum 3-Dimensional 8Node Temperature and describe the element’s fully thermal displacement coupled capabilities.
These element is deemed a suitable element overall for most uses and was found in literature as
well for similar work as the one presented here [28]. For the Penta 5 elements, these were simply
converted into C3D6T as well to allow for the solving of both thermal and mechanical nodal and
element values.
An alternative mesh was also investigated optimized to improve the Jacobian value in the
region of interest, which is the region of the heat flux and its immediate surroundings. This
alternative mesh does not have any PENTA6 or Wedge elements, but is composed 100% of
linear brick elements. The mesh procedure is shown in detailed steps in the following depiction,
Figure 16. This mesh is said to be optimized for strain and deformations because the Jacobian is
improved compared to the other mesh significantly. Only 2% of elements, none near area of
interest have a Jacobian of less than 0.9. Overall it is more suitable for deformation analysis with
all elements being 8-Node Hex Elements. The only downside is that the mesh is more time56

consuming to build and it requires splitting the geometry into bodies that generally can lead to
more issues such as node equivalence between elements connected through surfaces on different
bodies.

(a)

(b)

(e)

(f)

(c)

(g)

(d)

(h)

FIGURE 16. ALTERNATIVE MESH-PROCEDURE STEPS.
3.6.2 Boundary Conditions
The applied mechanical conditions considering symmetry are shown in the following
figure. All degrees of freedom were properly fixed avoid singularity. As far as thermal boundary
conditions, the body in itself acts as a semi-infinite body as previously explained, so the change
in temperature far from the flux is zero. Meanwhile, the body itself was set to the predefined,
uniform temperature of 473 K.
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Y-Symmetry
Uz=0

FIGURE 17. MECHANICAL BOUNDARY CONDITIONS FOR COUPLED THERMOMECHANICAL MODEL.
For the body temperature, the temperature was set at an initial temperature of 298 K, or
room temperature. The temperature is then computed in the ensuing steps. Predefined fields
cannot be defined in coupled thermal-mechanical procedures in Abaqus other than in the initial
step.
3.6.3 Application of Load and Simulation Steps
The Load applied is the same as the heat transfer model previously shown, except that a
linear ramp was applied in order to aid the convergence of the mechanical equations when the
flux is initially applied. This ramp was applied from time = 0 s to time = 1E-5 s, or 2% of the
total heating step run time.
In order to replicate the cooling phase phenomenon, the coupled model was designed
with two steps: one heating and one cooling step. The cooling step was set to 50 ms, to ensure
enough time elapses after the flux is “turned off” so that the heated area returns to balance
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temperature with its surrounding material, given that no convection nor radiations effects are
considered. The bodies did return to the initial temperature with a tolerance of 5 K.
3.6.4 Results
The results obtained are presented in the figures below, with deformation scale factor set
to zero in all of the images shown. These are discussed sequentially after each figure.

FIGURE 18. PLASTIC STRAIN RESULTS.
In Figure 18, one can appreciate the plastic strains that were induced during the heating
and cooling steps. Upon close observation, the plastic strains make physical sense in that they
occurred symmetrically and at a distance away from the heat source, where the heating,
expanding material comes into contact and presses against the cooler material until the yield
strength is exceeded. In the posterior cooling steps, this plastic deformation is what ultimately
causes a tensile stress area near the surface and a compression stress beneath the plastic
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deformation region. This division is created from the contraction mechanism during the cooldown phase that pulls the material in the direction where the beam/laser was applied above the
plastic deformation layer. The compressive stress is created below this layer where the
contracting material pushes against it in the direction normal to the surface.

FIGURE 19. VON MISES STRESSES RESULTS.
Looking at Figure 19, one can appreciate that the Von Mises stresses, which take into
account all acting stresses, are the greatest in between the heat source area and the plastic
deformation region, meaning that these would be expected to be in tensile stress form based on
residual stress theory and available experimental data. And, the normal stresses in the one and
two direction in fact are largest in that region and in tensile form.
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FIGURE 20. STRESS 𝜏11 RESULTS.

FIGURE 21. 𝜏22 RESULTS.
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Analyzing Figures 20 and 21, one can observe the similar behavior in the normal stresses
in the 1 and 2 directions, or the directions normal to the area on which the flux was applied. Both
these stresses are compressive when moving into the body and past the plastic deformation
region, and both are positive in tension on the surface where the flux was applied and decrease
gradually as one moves into the body until the plastic region is reached. These results
fundamentally match up with findings found in experimental works presented in the literature
review section.

FIGURE 22. 𝜏33 RESULTS.
Finally, in Figure 22, the normal stress in the three or z direction appears to have a small
tensile region on the surface where the flux was applied. However, most notable is the
compressive stress acting in the direction the heat source and beginning at the plastic
deformation region. As expected, since that direction normal to the surface is where the heat flux
is applied and the entire surface is unconstrained with the exception of the point at the “origin”,
62

the thermal strains essentially did not cause any residual stresses at the surface. All three shear
stress terms yielded considerable magnitudes, but these are not discussed in detail as they are
accounted for in the Von Mises stress analysis.
The magnitudes of these residual stresses, and the of the plastic strain as well, are
obtained from the model in a stage too early to assert them as close to the real-life values one
would expect with the given parameters and material. As proof, one can observe the resulting
Von Mises stresses are in the thousands of MPa range, which is excessive for reported residual
stresses in steels and titanium alloys manufactured by EBM. Too many things have been
simplified and left out of the model up to this point to be able to validate and state that the result
is in the proper and expected magnitude range. The phase change exclusion, for examples,
physically signifies that the material is never melted and keeps expanding at temperatures
beyond its melting point. This alone is enough to exaggerate the ensuing residual stresses
obtained by the model. The thermal conductivity is also very different at each of the phases of
the material and would certainly affect the results, both thermal and mechanical, significantly.
What is promising, however, is that the fundamental nature of residual stresses and their welldocumented compressive-tensile regions at the point of plastic deformation was captured. With
some more development this methodology can be applied to eventually quantify residual stresses
and even simulate heat treatment processes to relax the stresses.
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CHAPTER 4: CONCLUSIONS AND FUTURE WORK
4.1 CONCLUSIONS
The basic, underlying theory for the coupled thermal-displacement finite element model
was introduced separately with simple FEA validation problems to build up to a more complex
model. Residual stresses mechanisms were discussed in detailed, and shown with previous works
to be a pressing and present issue for engineers working with PBF technologies.
Abaqus User Subroutines for the mechanical, thermal, and expansion behavior were
developed and tested to equal its elastic, isotropic and constant thermophysical property
counterparts as defined in Abaqus. These subroutines allows for further definition of a state
variable that can be passed along in the solution steps to consider the different phases the
titanium alloy goes through in these processes.
For the heat transfer process of the model, two different approaches were utilized to
validate the results obtained. These are especially useful considering the propensity to make
mistakes that are hard to catch when building finite element models. They conservation of
energy approach ensured that the results obtained are in the expected order of magnitude range,
while the Green’s function method solution provided much more useful information about any
point away from the circular heat source. The Green’s function method solution use is promising
moving forward as it can easily be altered to consider other parameters and material properties to
obtain information of the temperature of any point at any given time instance during both the
heating and cooling stages.
The coupled-thermal displacement behavior was also modelled with success in the
preliminary thermal-mechanical coupled model, as the remaining residual stress terms and
plastic strain overall agree in principle with experimental findings and the underlying
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mechanisms of residual stresses in parts manufactured by EBM and SLM. The magnitude of the
residual stresses exceeds the reasonable expected range, thus confirming the need for further
additions and considerations to the prototype model.
Overall, when attempting to simulate a complex process with multiple physical
interactions occurring simultaneously combined with material phase changes like the ones
occurring during SLM and EBM process, extreme caution must be exercised in constructing a
model step-by-step. A consistent validation approach is also key to ensuring results obtained in
the latter stages of the modeling process are valid and reasonable.
4.2 FUTURE WORK
As previously stated, the next step in the procedure would be to use the user-defined
subroutines to define state variables that allows for further characterization of the problem, for
example phase change. Working towards and being able to fully validate the heat transfer
occurring in the transient, circular heat flux geometry would also aid in validating the heat
conduction behavior of the problem. Furthermore, other plasticity models other than metal
plasticity could be considered and utilized, as plastic deformation plays a significant role in the
creation of residual stresses. Plasticity data at different temperatures could be considered in a
more exact way, as for the current only several points along the plasticity stress-strain curves
were used. In general, temperature-dependent properties can be used to improve the model’s
accuracy, and convection and radiation boundary conditions during coupled thermaldisplacement steps in the FEA model could be included to account for the heating losses through
these mechanisms.
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APPENDIX A- ABAQUS INPUT FILES
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INPUT FILE A-1
*Heading
job 1
** Job name: Job-1 Model name: Model-1
** Generated by: Abaqus/CAE 6.14-2
*Preprint, echo=NO, model=NO, history=NO, contact=NO
**
** PARTS
**
*Part, name=Part-1
*Node
1,
-5.,
-5., 0.0500000007
2,
-5., -4.94999981, 0.0500000007
3,
-5.,
-5.,
0.
4,
-5., -4.94999981,
0.
5, -4.94999981,
-5., 0.0500000007
6, -4.94999981, -4.94999981, 0.0500000007
7, -4.94999981,
-5.,
0.
8, -4.94999981, -4.94999981,
0.
*Element, type=C3D8R
1, 5, 6, 8, 7, 1, 2, 4, 3
*Nset, nset=Set-1, generate
1, 8, 1
*Elset, elset=Set-1
1,
** Section: Block
*Solid Section, elset=Set-1, material=ABS
,
*End Part
**
**
** ASSEMBLY
**
*Assembly, name=Assembly
**
*Instance, name=Part-1-1, part=Part-1
*End Instance
**
*Nset, nset=Set-1, instance=Part-1-1, generate
5, 8, 1
*Elset, elset=Set-1, instance=Part-1-1
1,
*Nset, nset=Set-2, instance=Part-1-1, generate
2, 8, 2
*Elset, elset=Set-2, instance=Part-1-1
1,
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*Nset, nset=Set-3, instance=Part-1-1
1, 2, 5, 6
*Elset, elset=Set-3, instance=Part-1-1
1,
*Nset, nset=Set-4, instance=Part-1-1, generate
1, 4, 1
*Elset, elset=Set-4, instance=Part-1-1
1,
*Nset, nset=Set-5, instance=Part-1-1, generate
1, 8, 1
*Elset, elset=Set-5, instance=Part-1-1
1,
*Nset, nset=Set-6, instance=Part-1-1, generate
1, 8, 1
*Elset, elset=Set-6, instance=Part-1-1
1,
*End Assembly
**
** MATERIALS
**
*Material, name=ABS
*Density
0.,
*Elastic
1.4e+09, 0.35
*Expansion
7.38e-05,
**
** BOUNDARY CONDITIONS
**
** Name: BC-1 Type: Symmetry/Antisymmetry/Encastre
*Boundary
Set-1, XSYMM
** Name: BC-2 Type: Symmetry/Antisymmetry/Encastre
*Boundary
Set-2, YSYMM
** Name: BC-3 Type: Symmetry/Antisymmetry/Encastre
*Boundary
Set-3, ZSYMM
** Name: BC-4 Type: Symmetry/Antisymmetry/Encastre
*Boundary
Set-4, XSYMM
**
** PREDEFINED FIELDS
**
** Name: Room Temperature Type: Temperature
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*Initial Conditions, type=TEMPERATURE
Set-5, 298.
** ---------------------------------------------------------------**
** STEP: Heating
**
*Step, name=Heating, nlgeom=NO
*Static
1., 1., 1e-05, 1.
**
** PREDEFINED FIELDS
**
** Name: Predefined Field-2 Type: Temperature
*Temperature
Set-6, 398.
**
** OUTPUT REQUESTS
**
*Restart, write, frequency=0
**
** FIELD OUTPUT: F-Output-1
**
*Output, field, variable=PRESELECT
**
** HISTORY OUTPUT: H-Output-1
**
*Output, history, variable=PRESELECT
*End Step
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INPUT FILE A-2
*Heading
heat transfer simulation only
** Job name: CP-Kappa_Simulation Model name: Model-1
** Generated by: Abaqus/CAE 6.14-2
*Preprint, echo=NO, model=NO, history=NO, contact=NO
**
** PARTS
**
*Part, name=Block
*End Part
**
**
** ASSEMBLY
**
*Assembly, name=Assembly
**
*Instance, name=Block-1, part=Block
*Node
1, -0.0500000007, -0.0500000007,

0.5

2, -0.0500000007, 0.0500000007,

0.5

3, -0.0500000007, -0.0500000007,

0.

4, -0.0500000007, 0.0500000007,

0.

5, 0.0500000007, -0.0500000007,

0.5

6, 0.0500000007, 0.0500000007,

0.5

7, 0.0500000007, -0.0500000007,

0.

8, 0.0500000007, 0.0500000007,

0.
76

*Element, type=DC3D8
1, 5, 6, 8, 7, 1, 2, 4, 3
*Nset, nset=Set-1, generate
1, 8, 1
*Elset, elset=Set-1
1,
** Section: Section-1
*Solid Section, elset=Set-1, material=ABS
,
*End Instance
**
*Nset, nset=Set-1, instance=Block-1
3, 4, 7, 8
*Elset, elset=Set-1, instance=Block-1
1,
*Nset, nset=Set-2, instance=Block-1
1, 2, 5, 6
*Elset, elset=Set-2, instance=Block-1
1,
*Nset, nset=Set-3, instance=Block-1, generate
5, 8, 1
*Elset, elset=Set-3, instance=Block-1
1,
*Nset, nset=Set-4, instance=Block-1, generate
2, 8, 2
*Elset, elset=Set-4, instance=Block-1
1,
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*Nset, nset=Set-5, instance=Block-1
3, 4, 7, 8
*Elset, elset=Set-5, instance=Block-1
1,
*Nset, nset=Set-6, instance=Block-1, generate
1, 7, 2
*Elset, elset=Set-6, instance=Block-1
1,
*Nset, nset=Set-7, instance=Block-1, generate
1, 4, 1
*Elset, elset=Set-7, instance=Block-1
1,
*Nset, nset=Set-8, instance=Block-1
3, 4, 7, 8
*Elset, elset=Set-8, instance=Block-1
1,
*Nset, nset=Set-9, instance=Block-1, generate
2, 8, 2
*Elset, elset=Set-9, instance=Block-1
1,
*Nset, nset=Set-10, instance=Block-1, generate
5, 8, 1
*Elset, elset=Set-10, instance=Block-1
1,
*Nset, nset=Set-11, instance=Block-1, generate
1, 7, 2
*Elset, elset=Set-11, instance=Block-1
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1,
*Elset, elset=_Surf-1_S3, internal, instance=Block-1
1,
*Surface, type=ELEMENT, name=Surf-1
_Surf-1_S3, S3
*End Assembly
**
** MATERIALS
**
*Material, name=ABS
*Conductivity
0.14,
*Density
1050.,
*Elastic
1.4e+09, 0.35
*Expansion
0.000738,
*Specific Heat
1300.,
**
** BOUNDARY CONDITIONS
**
** Name: BC-3 Type: Temperature
*Boundary
Set-8, 11, 11
** ---------------------------------------------------------------79

**
** STEP: Heating with Flux
**
*Step, name="Heating with Flux", nlgeom=NO, inc=1000
heating one side
*Heat Transfer, steady state
1., 1., 1., 1.,
**
** BOUNDARY CONDITIONS
**
** Name: BC-3 Type: Temperature
*Boundary
Set-8, 11, 11
**
** LOADS
**
** Name: Heat Flux Type: Surface heat flux
*Dsflux
Surf-1, S, 50.
**
** OUTPUT REQUESTS
**
*Restart, write, frequency=0
**
** FIELD OUTPUT: F-Output-1
**
*Output, field
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*Node Output
NT,
*Element Output, directions=YES
ELEDEN, ELEN, ENER, HFL, TEMP
*Contact Output
HFLA, HTL
*Output, history, frequency=0
*End Step
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INPUT FILE A-3
*Heading
** Job name: Job-1 Model name: Model-1
** Generated by: Abaqus/CAE 6.14-2
*Preprint, echo=NO, model=NO, history=NO, contact=NO
**
** PARTS
**
*Part, name=Block
*End Part
**
**
** ASSEMBLY
**
*Assembly, name=Assembly
**
*Instance, name=Block-1, part=Block
*Node
1, -0.0500000007, -0.0500000007,

0.5

2, -0.0500000007, 0.0500000007,

0.5

3, -0.0500000007, -0.0500000007, 0.400000006
4, -0.0500000007, 0.0500000007, 0.400000006
5, -0.0500000007, -0.0500000007, 0.300000012
6, -0.0500000007, 0.0500000007, 0.300000012
7, -0.0500000007, -0.0500000007, 0.200000003
8, -0.0500000007, 0.0500000007, 0.200000003
9, -0.0500000007, -0.0500000007, 0.100000001
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10, -0.0500000007, 0.0500000007, 0.100000001
11, -0.0500000007, -0.0500000007,

0.

12, -0.0500000007, 0.0500000007,

0.

13, 0.0500000007, -0.0500000007,

0.5

14, 0.0500000007, 0.0500000007,

0.5

15, 0.0500000007, -0.0500000007, 0.400000006
16, 0.0500000007, 0.0500000007, 0.400000006
17, 0.0500000007, -0.0500000007, 0.300000012
18, 0.0500000007, 0.0500000007, 0.300000012
19, 0.0500000007, -0.0500000007, 0.200000003
20, 0.0500000007, 0.0500000007, 0.200000003
21, 0.0500000007, -0.0500000007, 0.100000001
22, 0.0500000007, 0.0500000007, 0.100000001
23, 0.0500000007, -0.0500000007,

0.

24, 0.0500000007, 0.0500000007,

0.

*Element, type=DC3D8
1, 13, 14, 16, 15, 1, 2, 4, 3
2, 15, 16, 18, 17, 3, 4, 6, 5
3, 17, 18, 20, 19, 5, 6, 8, 7
4, 19, 20, 22, 21, 7, 8, 10, 9
5, 21, 22, 24, 23, 9, 10, 12, 11
*Nset, nset=Set-1, generate
1, 24, 1
*Elset, elset=Set-1, generate
1, 5, 1
** Section: Section-1
*Solid Section, elset=Set-1, material=ABS
83

,
*End Instance
**
*Nset, nset=Set-1, instance=Block-1
11, 12, 23, 24
*Elset, elset=Set-1, instance=Block-1
5,
*Nset, nset=Set-2, instance=Block-1
1, 2, 13, 14
*Elset, elset=Set-2, instance=Block-1
1,
*Nset, nset=Set-3, instance=Block-1, generate
13, 24, 1
*Elset, elset=Set-3, instance=Block-1, generate
1, 5, 1
*Nset, nset=Set-4, instance=Block-1, generate
2, 24, 2
*Elset, elset=Set-4, instance=Block-1, generate
1, 5, 1
*Nset, nset=Set-5, instance=Block-1
11, 12, 23, 24
*Elset, elset=Set-5, instance=Block-1
5,
*Nset, nset=Set-6, instance=Block-1, generate
1, 23, 2
*Elset, elset=Set-6, instance=Block-1, generate
1, 5, 1
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*Nset, nset=Set-7, instance=Block-1, generate
1, 12, 1
*Elset, elset=Set-7, instance=Block-1, generate
1, 5, 1
*Nset, nset=Set-8, instance=Block-1
11, 12, 23, 24
*Elset, elset=Set-8, instance=Block-1
5,
*Nset, nset=Set-9, instance=Block-1, generate
2, 24, 2
*Elset, elset=Set-9, instance=Block-1, generate
1, 5, 1
*Nset, nset=Set-10, instance=Block-1, generate
13, 24, 1
*Elset, elset=Set-10, instance=Block-1, generate
1, 5, 1
*Nset, nset=Set-11, instance=Block-1, generate
1, 23, 2
*Elset, elset=Set-11, instance=Block-1, generate
1, 5, 1
*Elset, elset=_Surf-1_S3, internal, instance=Block-1
1,
*Surface, type=ELEMENT, name=Surf-1
_Surf-1_S3, S3
*End Assembly
**
** MATERIALS
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**
*Material, name=ABS
*Conductivity
0.14,
*Density
1050.,
*Elastic
1.4e+09, 0.35
*Expansion
0.000738,
*Specific Heat
1300.,
*Material, name=umatht
*Density
1050.,
*Elastic
1.4e+09, 0.35
*Expansion
0.000738,
*User Material, constants=2, type=THERMAL
1300., 0.14
**
** BOUNDARY CONDITIONS
**
** Name: BC-3 Type: Temperature
*Boundary
Set-8, 11, 11
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** ---------------------------------------------------------------**
** STEP: Heating with Flux
**
*Step, name="Heating with Flux", nlgeom=NO, inc=1000
heating one side
*Heat Transfer, steady state
1., 1., 1., 1.,
**
** BOUNDARY CONDITIONS
**
** Name: BC-3 Type: Temperature
*Boundary
Set-8, 11, 11
**
** LOADS
**
** Name: Heat Flux Type: Surface heat flux
*Dsflux
Surf-1, S, 50.
**
** OUTPUT REQUESTS
**
*Restart, write, frequency=0
**
** FIELD OUTPUT: F-Output-1
**
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*Output, field
*Node Output
CFL, NT, RFL, RFLE
*Element Output, directions=YES
ELEDEN, ELEN, ENER, FILMCOEF, FLUXS, HBF, HFL, NFLUX, SINKTEMP,
TEMP
*Contact Output
HFLA, HTL, HTLA, SJD, SJDA, SJDT, SJDTA, WEIGHT
*Radiation Output
FTEMP, RADFL, RADFLA, RADTL, RADTLA, VFTOT
**
** HISTORY OUTPUT: H-Output-1
**
*Output, history
*Contact Output
HFLA, HTL, HTLA, SJD, SJDA, SJDT, SJDTA, WEIGHT
*Radiation Output
FTEMP, RADFL, RADFLA, RADTL, RADTLA, VFTOT
*End Step
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APPENDIX B- FORTRAN USER SUBROUTINES
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UMAT SUBROUTINE (FIXED FORM FORTRAN)
SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD,
1 RPL,DDSDDT,DRPLDE,DRPLDT,
2 STRAN,DSTRAN,TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,CMNAME,
3 NDI,NSHR,NTENS,NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT,
4 CELENT,DFGRD0,DFGRD1,NOEL,NPT,LAYER,KSPT,JSTEP,KINC)
C
INCLUDE 'aba_param_dp.inc'
C
CHARACTER*80 CMNAME
DIMENSION STRESS(NTENS),STATEV(NSTATV),
1 DDSDDE(NTENS,NTENS),DDSDDT(NTENS),DRPLDE(NTENS),
2 STRAN(NTENS),DSTRAN(NTENS),TIME(2),PREDEF(1),DPRED(1),
3 PROPS(NPROPS),COORDS(3),DROT(3,3),DFGRD0(3,3),DFGRD1(3,3),
4 JSTEP(4)
DIMENSION DSTRES(6),D(3,3)
C

Elastic User SUBROUTINE
PARAMETER (ONE=1.0, TWO=2.0)
E=PROPS(1)
ANU=PROPS(2)
ALAMBDA=E*ANU/(ONE+ANU)/(ONE-TWO*ANU)
AMU=E/(ONE+ANU)/TWO
DO I=1, NTENS
DO J=1, NTENS
DDSDDE(I,J)=0.0
ENDDO
ENDDO
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DDSDDE(1,1)=(ALAMBDA+TWO*AMU)
DDSDDE(2,2)=(ALAMBDA+TWO*AMU)
DDSDDE(3,3)=(ALAMBDA+TWO*AMU)
DDSDDE(4,4)=AMU
DDSDDE(5,5)=AMU
DDSDDE(6,6)=AMU
DDSDDE(1,2)=ALAMBDA
DDSDDE(1,3)=ALAMBDA
DDSDDE(2,3)=ALAMBDA
DDSDDE(2,1)=ALAMBDA
DDSDDE(3,1)=ALAMBDA
DDSDDE(3,2)=ALAMBDA
DO I=1, NTENS
DO J=1, NTENS
STRESS(I)=STRESS(I)+DDSDDE(I,J)*DSTRAN(J)
ENDDO
ENDDO

C

Change IN STRAIN ENERGIES

C
C
TERM1 = ALAMBDA + 2.*AMU
DO K1=1,NDI
D(K1,K1) = TERM1
END DO
DO K1=2,NDI
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N2 = K1-1
DO K2=1,N2
D(K1,K2) = ALAMBDA
D(K2,K1) = ALAMBDA
END DO
END DO
DEE = 0.
DO K1=1,NDI
TERM1 = 0.
TERM2 = 0.
DO K2=1,NDI
TERM1 = TERM1 + D(K1,K2)*STRAN(K2)
TERM2 = TERM2 + D(K1,K2)*DSTRAN(K2)
END DO
DEE = DEE + (TERM1+.5*TERM2)*DSTRAN(K1)
END DO
I1 = NDI
DO K1=1,NSHR
I1 = I1+1
DEE = DEE + AMU*(STRAN(I1)+.5*DSTRAN(I1))*DSTRAN(I1)
END DO
SSE = SSE + DEE

RETURN
END
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RETURN
END
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UEXPAN SUBROUTINE (FIXED FORM FORTRAN)
SUBROUTINE UEXPAN(EXPAN,DEXPANDT,TEMP,TIME,DTIME,PREDEF,
1 DPRED,STATEV,CMNAME,NSTATV,NOEL)
C
INCLUDE 'aba_param_dp.inc'
C
CHARACTER*80 CMNAME
C
DIMENSION EXPAN(*),DEXPANDT(*),TEMP(2),TIME(2),PREDEF(*),
1 DPRED(*),STATEV(NSTATV)

ALPHA = 73.8e-6

EXPAN(1) = TEMP(2) * ALPHA
DEXPANDT(1) = ALPHA

END SUBROUTINE UEXPAN
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UMATHT SUBROUTINE (FIXED FORM FORTRAN)
SUBROUTINE UMATHT(U,DUDT,DUDG,FLUX,DFDT,DFDG,
1 STATEV,TEMP,DTEMP,DTEMDX,TIME,DTIME,PREDEF,DPRED,
2 CMNAME,NTGRD,NSTATV,PROPS,NPROPS,COORDS,PNEWDT,
3 NOEL,NPT,LAYER,KSPT,KSTEP,KINC)
C
INCLUDE 'aba_param_dp.inc'
C
CHARACTER*80 CMNAME
DIMENSION DUDG(NTGRD),FLUX(NTGRD),DFDT(NTGRD),
1 DFDG(NTGRD,NTGRD),STATEV(NSTATV),DTEMDX(NTGRD),
2 TIME(2),PREDEF(1),DPRED(1),PROPS(NPROPS),COORDS(3)

C

PROPS(1) = cp, specific heat capacity

C

PROPS(2) = kappa, thermal conductivity
real :: KAPPA, CP
PARAMETER (ZERO=0.0)

CP = PROPS(1)
KAPPA = PROPS(2)
C
DUDT = CP
DU = DUDT*DTEMP
U = U+DU
DO I=1,NTGRD
DUDG(I)=ZERO
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ENDDO
c
C

Conduction Terms
DO I=1, NTGRD
FLUX(I) = -KAPPA*DTEMDX(I)
DFDG(I,I) = -KAPPA
END DO
WRITE (6,*) "DFDG(I,I)=", DFDG

C

AND POSSIBLY UPDATE STATEV, PNEWDT
PNEWDT=1.0

RETURN
END
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APPENDIX C – OTHER
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APPENDIX C-1 - PLASTICITY TABLE FOR TI-6AL-4V
Yield Stress
Plastic Strain
Temperature
(Pa)
(unitless)
(K)
1.10E+09
0
298
1.20E+09
0.05
298
1.40E+09
0.1
298
1.46E+09
0.15
298
1.58E+09
0.25
298
9.50E+08
0
573
1.08E+09
0.05
573
1.13E+09
0.1
573
1.16E+09
0.15
573
1.20E+09
0.25
573
8.30E+08
0
773
9.20E+08
0.05
773
1.00E+09
0.1
773
1.02E+09
0.15
773
1.05E+09
0.25
773
1.06E+09
0.35
773
7.00E+08
0
973
8.10E+08
0.05
973
8.20E+08
0.1
973
8.60E+08
0.15
973
8.80E+08
0.25
973
9.00E+08
0.35
973
5.70E+08
0
1173
6.20E+08
0.1
1173
6.30E+08
0.15
1173
6.35E+08
0.2
1173
6.50E+08
0.25
1173
6.55E+08
0.35
1173
4.00E+08
0
1373
4.80E+08
0.05
1373
5.00E+08
0.1
1373
5.08E+08
0.15
1373
5.15E+08
0.2
1373
5.22E+08
0.25
1373
5.27E+08
0.3
1373
5.30E+08
0.35
1373
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